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Abstract

The dynamic analysis of viscoelastic pipes conveying fluid is investigated
with the variable fractional order model in this article. The nonlinear variable
fractional order integral-differential equation is established by introducing the
model into the governing equation. Then the Shifted Legendre Polynomials
algorithm is first presented for dealing with this kind of equations. The numer-
ical example verifies that the algorithm is an effective and accurate technique
for addressing this type complicated equation. Numerical results for dynamic
analysis of viscoelastic pipes conveying fluid show the effect of parameters on
displacement, acceleration, strain and stress. It also indicates that how dynamic
properties are affected by the variable fractional order and fluid velocity varying.
Most of all, the proposed algorithm has enormous potentials for the problem of
high precision dynamics with the variable fractional order model.
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1. Introduction

Pipes conveying fluid, as the important structures, have been paid lots of
attentions from both engineering and science point of view. Considering the
impact of the external and internal factors, changes for the dynamic nature of
the pipes will occur, which would lead to the uncertainty of pipes conveying
fluid on engineering performance.

According to the aforementioned reason, many remarkable achievements on
dynamic analysis of pipes conveying fluid are available in [IH8]. The dynamic
analysis of inclined supported pipes conveying fluid was addressed in [I]. The
article [2] researched cantilevered pipes in the presence of a periodic force exci-
tation. By virtual of a nonlinear equation, the responses of pipes were discussed
under various conditions. Elastic and slender pipes conveying fluid were studied
under a top end force excitation and uniform cross flowing in [3]. The research
results showed the internal external factors have critical effects on inhibiting
vortex-induced vibrations. In [4], the influences of flow velocity on the sta-
bilization problems of pipes conveying fluid were investigated. However, the
purpose of the aforementioned studies was to analyze the stability problem. It
is the first time that chaotic dynamics of cantilevered pipes conveying pulsating
fluid with the external load were studied [5]. It is noted that there are great
dangers to cause the chaotic vibrations for the mentioned pipes. Dynamics of
the external and internal resonance on pipes conveying fluid were addressed in
[6] under nonlinear forced vibration. Some physical and geometrical quantities
were introduced in [7], and they were studied in how to influence dynamics
properties. The non-linear vibration for viscoelastic pipes conveying fluid was
investigated based on a fractional order model in [8]. A mount of works have
been done, but still exist some issues needed to be further considered for pipes
conveying fluid.

Viscoelastic materials have the widespread application in pipes conveying
fluid due to its damping and simulating biological tissue. Pipes with viscoelas-

tic walls with pulsatile flowing were developed in [9], and this study contribut-



ed to simulate hemodynamics. Authors in [I0] considered pipes attached by
viscoelastic materials as damping for declining vibrations. Furthermore, the
dynamic analysis of the viscoelastic pipes is a critical subject for pipes convey-
ing fluid due to the problem of modelling the viscoelastic constitution relation
accurately.

In the past decades, the viscoelastic constitution model has been construct-
ed by using the integer order differential operator [ITHI3]. As the fractional
order differential operator developing rapidly, the fractional order model is used
to the viscoelastic constitution relationship. Comparison to the integer order
differential operator, the fractional can always describe the memory property of
the viscoelastic material better. Peng et al. [14] deduced a wellbore shrikage
model by applying fractional calculus, and verified that fractional viscoelastic
constitutive model could fit highly nonlinear behavior. Afterwards, the frac-
tional order model began to be applied on the dynamics of the viscoelastic field.
Long et al. [I5] proposed four classes of fractional order viscoelastic constitution
models, and results showed they can describe the viscoelastic behavior better.
Mokhtari et al. [I6] applied the fractional Zenner constitution model on the
sandwich circular cylindrical shell. Numerical results demonstrated the effect
of geometrical parameters on the flutter. The researchers in [I7] focused on
utilizing fractional operators to accurately describe viscoelastic properties and
more complicated dynamic behavior.

It is pointed that the fractional order model is not suitable for representing
the behavior of dynamic viscoelastic properties in most cases. In the dynam-
ic analysis, subtle changes in parameters can cause huge changes in the sys-
tem. The variable fractional order differential operator can better model the
viscoelastic constitution relation than the constant fractional order differential
operator in large strain [I8]. Li et al. [I9] studied the shape-memory polymer
which had been developed in critical applications due to the memory property.
Meng et al. [20] adopted a newly developed method for variable fractional order
calculus as a efficient in predicting the compression deformation of amorphous

glassy polymers and improving the accuracy of constitutive models with fewer



parameters.

Whereas there was almost no researches on studying the variable fractional
order model on viscoelastic pipes. To increase the accuracy and efficiency of
the dynamic analysis, not only the variable fractional order model is treated as
the constitution model of viscoelastic pipes conveying fluid, but also a reliable
technique is needed to solve the variable fractional equations accurately. Al-
Mdallal and Syam [2I] used the Chebyshev collocation-path following method
to solve sixth-order Sturm-Liouville problems. More creatively, the authors used
the fractional-order Legendre-collocation method [22] and fractional-Legendre
spectral Galerkin method [23] to solve fractional initial value problems and
fractional Sturm-Liouville problems. Heydari et al. [24] proposed a numerical
method to solve linear multi-term variable fractional diffusion-wave equation by
the Chebyshev wavelet. Bernstein polynomials method was presented to solve
a class variable fractional order linear cable equation [25] and variable order
time fractional diffusion equation [26] numerically. The study in [27] aimed at
numerically resolving one kind of nonlinear variable fractional differential equa-
tions (FDEs) by means of Legendre wavelet approach and operational matrices.
Chen et al. [28] used polynomials method to study one kind of nonlinear vari-
able FDEs based on Bernstein polynomials. For integral equations, Assari and
Dehghan [29] studied Volterra integral equations by the meshless local Galerkin
method. There is few researches about numerical schemes of variable fraction-
al integral-differential equations. And the authors in [30] researched one kind
of linear variable fractional order integral-differential equation numerically by
Bernstein polynomials method. Moghaddam and Machado [31] investigated a
numerical algorithm of a type of variable fractional integral-differential equation-
s in view of weakly singular kernels. However, there was almost no researches
on studying nonlinear variable fractional order integral-differential equations for
numerical solutions.

Based on the above reasons, a variable fractional model and a new method
are needed to be applied on this class of problems to improve the accuracy

numerical solutions in this paper. For numerically solving this problem, an al-



gorithm is proposed in this study. The proposed algorithm is not only applied
on solving the governing equation with more accurate variable fractional or-
der model, but also used to achieve the dynamic analysis of viscoelastic pipes
conveying fluid as a high precise technique. More importantly, Shifted Leg-
endre Polynomials algorithm will increase reliability on predicting viscoelastic
behaviors and dynamic properties of pipes conveying fluid problem.

This article aims to study the nonlinear dynamic analysis for viscoelastic
pipes conveying fluid in the presence of the external load excitation. The vari-
able fractional order model is chosen as the constitution model to set up pipes
dynamic equation in next section. Moreover, its form is the nonlinear differen-
tial and integral equation with variable fractional order. Section |3| presented a
Shifted Legendre Polynomials algorithm to get numerical solutions of the pipes
dynamic equation. Section [4 considered the influences of a varity of parameters

on the dynamics of pipes. Finally, conclusions are contained in Section

2. Mathematical model

In this section, the mathematical definition and property of variable frac-
tional calculus, a variable fractional order model and the form of a governing
equation are introduced. Afterwards, the mentioned definition and property

will be used later.

Definition 1 The Caputo fractional derivative operator D*®) of order a(t) is
defined as [27;[32]

Do f(t) = m [y (¢ —7)=® f'(r)dr (1)

where t > 0, 0 < a(t) < 1, at) is variable fractional order, f(t) is continuous

over interval (0,4+00) and is integrable over any subinterval of [0, +00).



Based on Definition 1, the variable fractional derivative of a polynomial is

represented as

r 1
(Mm+1)  mat), =12,

o) T(m+1-—a(t))
Dy t™ = (2)

0, m = 0.

This property will be available for the algorithm proposed later.
Viscoelastic pipes conveying fluid are considered in this article. The vis-

coelastic pipe dynamic equation [33] is written as
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Apoda=f(z,t).
(3)
The boundary conditions are

ow(0,t) aw(H t)
ox ox

w(0,t) = w(H,t) = 0. (4)

The variable fractional order model is applied to accurately describe the consti-
tutive relationship of viscoelastic pipes. The constitutive model [I§] and strain

[33] are respectively formulated as

o(z,t) = B0 DDz ¢) (5)
1) = 2 (50 (©

where o(x,t) is stress, e(z,t) is strain, F, 6 and «(t) are the parameters of the
viscoelastic constitution model. Also a(t) need to satisfy 0 < a(t) < 1.

In this research, it is assumed that viscoelastic pipes have been in a large
deformation state after undergoing small deformation and «(t) satisfies 0 <
a(t) < 1 within the considered time domain. After deriving the formula (3)),

and @, the governing equation is expressed as

0w 0w 0w
(opAp +psAs) g + 2fof‘lfm (V2ps A = Po) 5
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where p, and A, mean the density and the cross-sectional areas of viscoelas-
tic pipes respectively. Similarly, p; and Ay indicate those of fluid. f(x,t) is
the external force excitation. V, H and Py are respectively the fluid velocity,
the length of pipes and force at ends of pipes which are constants. w(x,t) is
the displacement, x and ¢ are position and time variables. Furthermore, the

geometrical relation of pipes is shown in Figure [I]

w(x,t)

Figure 1: The geometric relation of viscoelastic pipes conveying fluid.

3. Shifted Legendre Polynomials algorithm

In this section, Shifted Legendre Polynomials algorithm is illustrated in de-
tail. The Legendre polynomial is a kind of orthogonal polynomials which are
used to be the basic function to approximate the analytical function. Compared
with other orthogonal polynomials, such as the Chebyshev polynomial [36], the
Bernoulli polynomial [37], Hermite polynomial [38] and so on, the Legendre
polynomial has a simpler weight function. Especially in the process of approx-
imating nonlinear integral terms, it avoids a mount of calculations due to the
simple power function that values 1. However, its definition interval is [—1,1].
In order to better approximate the unknown analytical function in the large
interval, the shifted Legendre polynomial is selected in the article. Its key idea
is to use shifted Legendre polynomials as the basic function to approximate the

unknown analytical function precisely and show derivative function by the term



of matrix. The governing equation is transformed into the algebraic equation.
The parameters of the approximated function are obtained after discreting and
solving the algebraic equation. Then numerical solutions will be obtained from
the precisely determinate approximated function. Furthermore, the numerical

solution is infinitely closed to the exact solution.

3.1. Shifted Legendre Polynomials

The shifted Legendre polynomial of degree n in [34; [35] is defined by

n

'n+i+1) i

Ini(x) =) (=1)"* 8
i) ;( A Iy A vk (8)
where i = 0,1,--- ,n, x € [0,1]. Then a matrix ¢, (z) consisted of a sequence

of shifted Legendre polynomials defined in [0, 1] is formulated as

Spn(x) = [ln,()(x)a ln,l(x)a te 7ln,n(x)]T - ATn(x) (9)
where T, (z) = [1,z,--- ,2"]7T,
0, 1<
A= aig]} g, aij = L
] (et D s

Pi—-j+ DTG +1)*
Ais an+1 order lower triangular matrix and the elements of matrix A on the
diagonal are all positive numbers. Matrix A can be transformed into the n + 1
order identity matrix by the linear transformation. So, matrix A is invertible.

The definition domain of w(zx, t), which is used to express the displacement of
the pipe in the governing equation (7)), is selected as [0, H] x [0, S]. In theory, the
definition interval of ¢ is [0, +00]. However, the viscoelastic pipe conveying fluid
can’t perform forever. For reducing computations and improving efficiency in
practical problems, the interval of ¢ is selected as a limited interval [0, S] where
S values an arbitrary positive number based on needs.

In order to expand the range of x, the shifted Legendre polynomial of degree



n in [0, H] can be written

Lni(@) = 2 (=1 F(n—i+1)(F(i+1))2(H)
A e Tit1) 1., (10)
=2 F(nfiJrl)(F(iJrl))?(H) *
where i =0,1,--- ,n, x € [0, H].

Then a matrix ®,,(x) composed of a sequence of shifted Legendre polynomi-

als defined in [0, H] is formulated as
@, (2) = [Lno(®), L1 (x), -+, Ly n(x)]" = ALT,(2) (11)

where
0, i FJ

H™, =3

L= [lij]in.,j:O’ lij =

L is an+1 order diagonal matrix and the elements of matrix L on the diagonal
are all positive numbers. Then L is invertible.

The shifted Legendre polynomial of degree n in [0, 5] is expressed as

T(n+i+1) (;)z

Ln(t) = X (=1)"*

0 Fn—i+1)(TGE+1))?

-

(3

(12)

i:o(_l) ' Fin—i+1)(T@E+1))2 (E) t

M=

where i =0,1,--- ,n,t €[0,5].
Then a matrix ¢, (t) composed of a series of shifted Legendre polynomials

defined in [0, S] is expressed as

Gn(t) = [Lnot), Lni(t), -, Lnn(t)]F = AMT,(t) (13)

where
0, i Fj

St i=j.

M = [mil}i—g,  mij =

M is a n+ 1 order diagonal matrix and the elements of M on the diagonal are

all positive numbers. Then M is invertible.



3.2. Function approximation

A continuous function w(x) in the domain [0, H] can be expanded in terms

m > " ¢iLy(z), w(z) can be

of shifted Legendre polynomials as w(z) = li_>

approximated as

w(z) & wy(z) =Y €Ly i(z) = CT oy (2) (14)
i=0
where CT' = [cy,c1,- -+ ,¢,]. Then
CT(D,(z), 0} (2)) = (w(x), D) (2)). (15)
Let
Q = (Pu(x), Py (2)) = [045]1 =0 (16)
0, i
where 0;; = fOH L, (x)L, ;(z)dz = H ' . ] (1,7 =0,1,-++,m).
ivj+1 T

Q@ is a n + 1 order diagonal matrix and the elements of ) on the diagonal are

all positive numbers. Then @ is invertible. So,
T = (w(x), @y (2)Q " (17)

Similarly, a continuous function w(¢) in the domain [0, S] can be expanded
in terms of shifted Legendre polynomials as w(t) = lim Y7 k;iLy (t), w(t) is
n—roo
represented by

w(t) = wy(t) = _ kiLni(t) = KT, (1) (18)

where KT = [ko, ki, ,k,]. Then

KT (@, (), D (1)) = (w(t), @5 (1) (19)
Let
P = (®4(t), @, (1)) = [Ay]7 =0 (20)
_ _ 0, iFj
where Ay = [ Ly i(t) Ly j(t)dt = g o (1,7 =0,1,--- ,n).
ivjr1

P is a n+ 1 order diagonal matrix and the elements of P on the diagonal are

10



all positive numbers. Then P is invertible. So,
KT = (w(t), D5 ()P~ (21)

Two-variable continuous function w(z,t) defined on A = [0, H] x [0, S] may

be written as

n n

w(z,t) = lim > (Y ¢;iLni(x))k;Ln ;(t)

n—oo j:O =0
. n n _
= lim 3 > cikjLy ()L ;(t)
n— oo j:0 i=0
n n

= lim > OwijLn,i(x)I_/nJ(t)

= lim @, (x)U¢pn(t)

n—0o0

where U = [wz‘j]?,j:o and w;; = c;k;.

3.3. Differential operator matrix

A, L and M are n + 1 order invertible matrices proven in the above parts.
So, matrix AL and AM, which will be used in this part, are also invertible.

®,, () is a series of polynomial matrices with respect to z, the derivative of

®,, (z) with respect to z is formulated as

d®,(x)
=D,®,(x). 23
v (v) (23)
Then
dT; (z) —1
D,®,(x) = D,ALT, (x) = AL p = ALET, (z) = ALE(AL)”"®,(x)
x
(24)
0, i1#75+1
where E = [ei;]7 0, €ij = 7 .
i, 1=j+1
By virtual of , differential operator matrix D, is obtained as
D, = ALE™(AL)™". (25)
The m exponent th derivative of ®,,(x) with respect to x can be obtained
d"e,
W(m) =Dy ®p(x), me N. (26)

11



Then
d™T, ()

D ®n () = Dy ALT, () = AL
(«) (@) -

(27)
= ALE™T,(z) = ALE™(AL)~'®, ().

Based on formula , differential operator matrix D,,, can be obtained as
Do = ALE™(AL)™L. (28)

Similarly, ¢,(¢) is a series of polynomial matrices with respect to ¢, the

derivative of ¢, (t) with respect to ¢ can be gotten

doy, (t)

=D t). 2
0 Digu(r) (29)
Then IT- (¢
Dy, (t) = DiAMT, (t) = AM%
(30)
— AMET,(t) = AME(AM) 16, (t).
Therefore, from , differential operator matrix D; is obtained as
D, = AME(AM)™'. (31)
The v exponent th derivative of ¢, (t) with respect to t is written by
d¥dn (t
On(t) = Dypn(t), v € N. (32)
dtv
Then T (¢
th(bn(t) = thAMTn(t) = AMT;,()
(33)
= AME T, (t) = AME"(AM) ¢, (t).
From formula , differential operator matrix D, is obtained as
Dyt = AME"(AM)™*. (34)
Thus,
Moy, t) T
oo (Dia®n(x))" U(Dyrpn(t)) (35)

where only U is unknown.

12



8.4. Processing of the monlinear integral-differential term

w(x,t) is approximately shown as
w(z,t) ~ wy(x,t) = (ALX)TU(AMT) (36)

where X = T,,(z), T = Ty (t). Thus,

ow(z, ), Owp(,t)
( Ox il Ox

Owy,(x, 1)
Ox

9 _ Owy, (z,1)
2= yr(2nt

)
(37)

= (AMT)T'UTD,.(ALX)(ALX)TDTU(AMT).
The integration over the interval [0, H] of w?(x,t) can be denoted as

fOH (6“’8(? 2 )2dx =~ fOH (AMT)TUTD,(ALX)(ALX)TDTU(AMT)dx

= (AMT)TUT D, [(ALX)(ALX)"deDTU(AMT)  (38)

= (AMT)TUTD,QDIU(AMT).
Therefore, the nonlinear integral-differential term with variable fractional order

is demonstrated as

H «
Jo " DO

ow(z,t)

2
o )edx

~ [ DY UAMT)TUT D, (ALX)(ALX)" DTU(AMT))dzx
= [ Dy(TTGT)da (39)
= [ T RTdx

=TTBT
where G = (AM)TUTDI(ALX)(ALX)TDIU(AM) = [Qij]?,j:Oa R= [Tij]Zj:Oa
0, 1=7=0
Tij = Tii+ji+1)
Fi+j+1—at))

H n
7B = f() Rdl‘, B = [bij]i,j:O'

t=*Wg,;,  otherwise
Let
F= [ Gdz = (AM)TU D, [ (ALX)(ALX)"deDTU(AM)
(40)
= (AM)TUTD,QDTU(AM)

13



H
where F = [fij]?,j:()’ fij = fO giijC. Then

big = Jy rigde

0, i=j=0

= F(i +j + 1) —a(t) H .
T 11 oz(t))t fo gijdz, otherwise (41)
0, i=j=0

= Tii+ji+1)

t=o®) f.. otherwise.
Pi+j+1—alt) fi

Similarly, the known function f(x,t) can also be expressed as the following

form:
fla,t) = @5 (2)U" dn(t) (42)

where U™ is a known n + 1 order matrix after solving by the shifted Legendre
polynomials.
Finally, the governing equation is transformed into a algebraic equation

with unknown U:
(pPAP + pfAf)q)Z(x)U(Dthﬁn(t)) + 2foAf(qu)n(x))TU(Dt(bn(t))

+(Vr Ap=Po) (D2a®n (2))TU ¢n(t)+E4Ap9a(t) (D2 ®n(@))T U () TT BT=@y (2)U* pn (1)

2H
(43)
To discretize « and t as points (z;,t;), where z; = z% and t; = j% U can be
obtained based on the least square method. Numerical solutions w,, (x,t) will be
obtained. Also, w,(z,t) can be seen as the interpolating polynomial of w(x,t)

at points (x;,t;).

3.5. Convergence analysis and error bounds

The aim of this part is to study the convergence and error bound of the
proposed numerical algorithm. The convergence and the estimate of the error
bound for the approximate solution of the governing equation are investigat-

edon A\ = [0, H] %[0, S]. For doing this, the Banach space W = C[0, H]x C|[0, S]

14



is considered with the following norm:

llw(z, )] = (w(z, t), wlz, t))> = ([ [ [w(z, t)2dedt)?. (44)

Theorem 1 Suppose that w(z,t) and w,(z,t) are the exact solution and ap-
prozimate solution obtained by the Shifted Legendre Polynomials algorithm in

the Banach space W = C[0, H] x C[0,S]. Then

(e ) — wia, Ol < (HS)} (A1 ()1 + LapSyens
(45)
sy Sy

where A1, As and A3 are terminate constants.

Proof w,(z,t) is the numerical solution obtained as the interpolating poly-
nomial of w(zx,t) at points (x;,t;) by means of Shifted Legendre Polynomials
algorithm, where x; = z% and t; = j % Then, one can obtain

o Hlw (,LL, ) Hz 0(11 xi) 8”“11;(93,5) H?:o(t - tj)
O+l (n+1)! gtn+1 (n+ 1)l

0¥+ 2w (', &) [Timo(@ — ) TTj_o(t — 1)

w(z,t) —wp(z,t) =

T pntlggntl [(n+1)12
(46)
for u, ¢/ € [0, H] and &, &' € [0,.5]. Thus, one can have
0" w(z, t), [1isg v — @il
n (2,1 )] < =0
(wn (2,t) — w(z,t)] (£?§A| xn+1 | (n+1)!
P 8”+1w(:c, t) | H;L:O |t — tj|
(z,t)EN otntl (n+1)!
+ ‘ 9?2y (-75 t) ’ H?:O "T - 1‘1| H?:O |t - t]|
(’I‘ t)e/\ Qxn1ogntl! [(n+ 1)!]2
(47)

15



To find the bounds on [[;_g |z — ;] and [[;_, [t — t;|, defining the variables

T = 77% and t = 17’%, it gives that

[l — ol = (o [T =i

1=0 1=0
(48)
. S n+1 - / -
[IIt=tjl=)"" 11 I =3l
3=0 n §=0

By choosing the integers n; and no which are less than n, we have ) € (ny,n1+1)

and 1 € (ng, ng + 1), therefore

ni—1

=il =ltn—n)—n - T =il T Iy—il
1=0 1=0 1=ni+2
(49)

n no—1 n
[L I =il=10"=n2)( —=n2 =D II 0" =4l II In" =il
=0 =0 J=n2+2

Note that |(n—n1)(n—mn1 —1)| and |(n’ — n2)(n’ —n2 — 1)| have maximum when

n and 1’ values at points nq + % and no + %, respectively, thus

1
|(n —n1)(n—n1—1)[ < 1
(50)
1
| =n2)(n" =na = 1) < 7.
And we can get
ny—1 ) n ) ni—1 . n )
[T =i IT In—=il< IT (ma4+1=4) I (i—m)
i=0 i=n142 i=0 i=n1+2
(51)
=i+ Dn-—n)!<(n+1)!
and
no—1 ) n ) na—1 ) 1) )
=it 01 =<' v 1=0) 11 G-n)
i= i=ng+ = 1=ngs+ (52)
=(ne+ I(n—n2)! < (n+ 1)L
Substituting (50)-(52)) into (49), it yields
n ni—1 n
[TImn—il=ln—n)n-—n -] I In—i I [n—1
i=0 =0 i=n1+2
(53)
< (n+1)!
< (0 !

16



and

n no—1 n
Ho\n’—jl =" = n2)(n —nz — 1) HO =gl 11 2W—J’I
Jj= Jj= Jj=n2+
(54)
< 1( + 1)!
< 4 I
Therefore, according to , and , one has
n H 1
— x| < (&) 1!
il;lo\fv zil < ()" (4 1)
(55)
I 1 -t < (St sy,
j=0 I= n 4
. . oy (z "ty (z
Considering A1 = max(, ep |86m74£1t)‘, Az = max ep |83t7+(1t)| and
82n+2w 7) .
As = max( nep | gomrrgprrt |, gives
1 H 1 S 1 H S
" t) — t <7A7n+1 7A7n+1 7A7n+17n+1'
wn(2,8) = w(a, ] < JA1C) 4 )+ S Ay (D))
(56)
So,
1 H 1 S
[[wn ;) = w(, )] < (HS)2 (7A1(S)"H + JAo(5)"H
(57)
1 H S
A (= n+l/>\n+1 .
o As(C ()

The proof of Theorem [I]is completed.(]

According to and (57)), the error bound of the absolute value form is
(LA ()t 4 LA (S 4 L A (£)n+1(£)n+1) and the error bound of the s-
pace L2(\) norm form is (HS)? (FA (Eyntip LAy (S)ntlyp LA (L yntl(S)ntl),

In other words, |w,(x,t) — w(z,t)] — 0, V(z,¢) € A\ as n — oo. Also,

[lwn(z,t) — w(z,t)|] = 0, V(z,t) € \ as n — oo.

3.6. Numerical example
Consider the following numerical example which is similar to the type of the
governing equation

2 2 2
0*w(z,1) n 108 w(zx,t) +208 w(z,t)

o ot? Ozt 0x?

(58)
0.01%")  9%w(x,t) ow(x,t)

L ~oa(t) 2
(10 +sint)?  Ox? Jo P oz Jode = (1)
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The boundary conditions are

ow(0.5,t)
w(0,t) =0 w(0.5,t) =0 B 0 5 0 (59)

where f(z,t) = 1022(0.5 — 2)? + 20(423 — 322 + 0.52)t + 20(1222 — 62 + 0.5)¢2

0.01¢(®) 0.69, 0<t<0.)5

R e—
(10 + sint)? 0.7—0.02t, t>0.5
a(t) can also be written as «(t) = 0.69 — |0.005 — 0.01¢| + 0.005 — 0.01¢ and

—0.0235 1222 —62+0.5)t57M) o(t) =

the function f(z,t) has been so chosen that the exact solution is w(x,t) =

22(0.5 — x)*t?, x € [0,0.5], t € [0, 2].

Table 1: The absolute error e, (z,t) of the numerical example when n values 6.

ew(z,1) t=0.2 t=0.4 t=0.6 t=0.8 t=1.0

=01 012x107°2 0.96x 1079 0.34x107° 2.52x1079 447 x107°
=02 005x107° 0.75x1079 0.34x107° 2.60x 1079 5.86x 107?
=03 012x1072 0.67x1072 0.19x1072 1.96 x 1072 4.47 x 10~°
=04 032x1072 073x107% 0.05x1072 0.86x10~° 1.10x 107?

The variable fractional order nonlinear integral-differential equation example
is solved by the proposed algorithm when n is selected as 6. The numerical
solution obtained by the presented algorithm is expressed as w,(x,t). The
absolute error e, (z,t) formulated as e, (z,t) = |w,(z,t) — w(x,t)| of exact and
numerical solution is considered in this part for verifying the accuracy of the
numerical algorithm. The numerical solution and the exact solution is highly
consistent on values in Figure The absolute error is shown in Figure
and it verifies high enough accuracy. However, values of the error seem smaller

when t is less than 1. The specific absolute error is shown in Table [I] and its

order of magnitude is less than or equal to 1079,
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Q
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o
=
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t

(a) Exact solution and numerical solution (b) Absolute error

Figure 2: The numerical example when n values 6 for (a) Exact solution and

numerical solution and (b) Absolute error.

The numerical example shows that the proposed algorithm has sufficient
accuracy to be applied on solving nonlinear variable fractional order integral-
differential equations. The numerical solution wy,(z,t) is much close to the
exact solution when n is selected as a small value. Also, this algorithm provides
an effective technique to analyze viscoelastic pipes conveying fluid numerically.
More importantly, the absolute error e, (z, t) has a bound according to Theorem
and ey, (z,t) — 0, V(z,t) € A\ as n — oo. In other words, the numerical
solution wy, (z,t) obtained by the Shifted Legendre Polynomials algorithm is the

exact solution w(x,t) when n is increasing to tend to infinity.

4. Numerical results and dynamic analysis

The effect of parameters on viscoelastic dynamic behavior and the dynamic
properties of pipes are investigated and solved numerically by the Shifted Leg-
endre Polynomials algorithm in this section. The Shifted Legendre Polynomials
algorithm has been verified from the convergence analysis and numerical exam-
ple in mathematical aspect. Several examples are given to not only study the

effect of the parameters on viscoelastic pipes, but also check the correctness of
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the numerical computation scheme on specific examples in this section. The
variable fractional order model and the governing equation are proposed in this
paper for the first time. There are almost no references and methods which can
be used to compare with the presented algorithm about viscoelastic pipes con-
veying fluid under variable fractional order model. So, several examples with
other methods [39H41] are considered as the particular example of the study
content of this paper to verify the correctness of Shifted Legendre Polynomi-
als algorithm from specific example aspect. It is noted that n is selected as 6
when using the presented numerical algorithm in this section. The displacement
w(x,t), velocity v(z,t), acceleration a(z,t), strain e(x,t) and stress o(x,t) are

considered on dynamic behavior of viscoelastic pipes

ow(z,t)

v(z,t) = 5 (60)
2’11} X
a(z,t) = % (61)
o(z,t) = gea@)Df“)(awgz’ Dy, (62)

In this part, these parameters are always considered as p, = 1.2 x 10%kg/m3,
A, = 0.2m?, py = 1.05 x 10%kg/m?, Ay = 0.05m?, other parameters are muta-

tive in order to study the effect of changing parameters on pipes.
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Figure 3: Dynamic response on viscoelastic pipes conveying fluid versus the time
and the position when n values 6 for (a) Three-dimensional displacement map,
(b) Contour displacement map, (c¢) Three-dimensional acceleration map and
(d) Contour acceleration map. (f(x,t) = (100+200sin(50t))N/m, E = 80 GPa,
6 = 0.01, a(t) = 0.69 — |0.005 — 0.001¢| + 0.005 — 0.001¢, V = 5m/s, H = 10m)

Considering a viscoelastic pipe, its parameters are f(x,t) = (100+200sin(50t))
N/m, E = 80GPa, § = 0.01, a(t) = 0.69 — |0.005 — 0.001¢| 4+ 0.005 — 0.001¢,
V =5m/s, H = 2m. In Figure and Figure the displacement w(z,t)
and acceleration a(z,t) are changing as wave types. However, its frequency dif-

fers too much with force excitation frequency. This denotes the amplitude and
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acceleration response of viscoelastic pipes are not consistent with the excitation
response. This is also the specific performance of viscoelastic materials with ex-
cellent damping effect. w(z, t) is changing with position « while a(x, t) is almost
not in Figure and Figure Then, it is shown in the following part that

how the parameters influence the dynamic behavior of viscoelastic pipes.

4.1. Dynamic behaviors analysis

The viscoelastic pipes conveying fluid under f(z,t) = 100sin(wt)N/m, F =
80GPa, 8 = 0.01, «(t) = 0.6 — |0.005 — 0.001¢| + 0.005 — 0.001¢, V' = 5m/s,
H = 2m are considered to study the response of frequency. It can be seen that
maximum displacement and acceleration surge when frequency w values 111 Hz
and ag values 0.6 in Figure and Figure While the curves oscillate in
a small amplitude when w values others over (100, 120) and «q values 0.58, 0.59
and 0.61. In Ref.[39], the viscoelastic pipeline conveying fluid was simulated
under the Boltzmann-Volterra integral model by means of the Bubnov-Galerkin
method and the results showed that the oscillation amplitude differs much due
to different . Compared with the results of Ref.[39], the numerical result in
this part is verified to be correct.

In order to research whether the position changing influence the frequen-
cy response of maximum displacement and acceleration, the curves over the
frequency interval (100, 120) for £=0.96, 0.98, 1, 1.02, 1.04m are shown in
Figure and Figure It denotes that the curve still surges when w only
values 111 Hz and it is with tiny change for different position x. The above study
indicates that the response of maximum displacement and acceleration can surge
as variable fractional order and frequency changing, while the response changes
subtly as position x varying. In Ref.[40], a pipe conveying fluid was studied
based on fourth-order Runge-Kutta integration algorithm. The displacement
amplitude became larger near a certain frequency. Moreover, the displacement
amplitude in Figure is more sensitive to frequency and becomes larger near
a certain frequency. Compared with the results of Ref.[40], the numerical result

in this part is verified to be correct.
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Figure 4: Dynamic response on viscoelastic pipes conveying fluid versus the
frequency when n values 6 for (a) Maximum displacement at different «g, (b)
Maximum acceleration at different «g (a(t) = ap — ]0.005 — 0.001¢| 4 0.005 —
0.001¢, z = 1m) and for (¢) Maximum displacement at different x, (d) Maximum
acceleration at different x. (f(z,t) = 100sin(wt)N/m, E = 80 GPa, 6§ = 0.01,
a(t) = 0.6 — [0.005 — 0.001¢] + 0.005 — 0.001¢, V = 5m/s, H = 2m)

The displacement, acceleration, strain and stress responses on viscoelastic
pipes conveying fluid are investigated for different elastic modulus F in this part.
The parameters of the pipe are f(x,t) = (100 4+ 100sin(200¢))N/m, 6 = 0.01,
a(t) = 0.69—|0.005—0.001¢|+0.005— 0.001¢, V = 4.5m/s, H = 10m. It can be
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seen that displacement w(x,t), acceleration a(z,t), strain £(z,t) are nonlinear-
ly increasing and the nonlinear increasing amplitude becomes larger as elastic
modulus decreasing linearly from Figure Figure and Figure
However, stress o(x,t) shows the irregular behavior. The stress response for E

values 40 GPa and 60 GPa is nearly consistent from Figure
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Figure 5: Dynamic response on viscoelastic pipes conveying fluid versus the time
at different modulus when z values 0.5H and n values 6 for (a) Displacement,
(b) Acceleration , (¢) Strain and (d) Stress. (f(x,t) = (1004100sin(200¢))N/m,
6 = 0.01, a(t) = 0.69 —|0.005—0.001¢| 4 0.005—0.001¢, V = 4.5m/s, H = 10m)

The displacement, acceleration, strain and stress responses on viscoelastic
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pipes conveying fluid are analyzed for different fluid velocities V' here. The
parameters of the pipes are f(z,t) = (100+100sin(200¢))N/m, E = 80 GPa, § =
0.01, «(t) = 0.69—0.005—0.001¢|4+0.005—0.001¢t, H = 2m. In Ref.[41], a fluid-
conveying riser under integer order model was studied by means of finite element
method. The governing equation of Ref.[41] can be considered as the governing
equation when « values 0. The results in this paper indicate that the fluid
velocity has little impact on displacement amplitude shown in Figure and
are similar to the results of Ref.[4I]. Compared with Ref.[4I], the numerical
result is verified to be correct. Also, it can be seen from Figure Figure
and Figure that the displacement w(z,t), acceleration a(z,t), strain e(x,t)
are slightly increasing as fluid velocity increasing. And in Figure the stress
response with ¢ curve is a type of waves. The time to reach the crest is moving
up as fluid velocity increasing overall. However, it is an exception that V values
4.2m/s.

The displacement, acceleration, strain and stress responses on viscoelastic
pipes conveying fluid are considered for different lengths of pipes H in this part.
The parameters of the pipe are f(z,¢) = (100+100sin(200¢))N/m, F = 80 GPa,
6 =0.01, a(t) = 0.69 —|0.005 — 0.001¢| + 0.005 — 0.001¢, V = 4.5m/s, H = 2m.
It can be seen that the amplitude of displacement w(x,t), acceleration a(zx,t),
strain £(x, t) are increasing as the length H increasing in Figure[7(a)] Figure[7(b)]
and Figure However, the amplitude of stress o(x,t) is increasing as H
increasing when H is less than 5m, while stress o(z,t) shows irregular varying.
The stress response isn’t stable when H becomes larger in Figure

The displacement, acceleration, strain and stress responses on viscoelastic
pipes conveying fluid are studied for different amplitudes of force excitation here.
The parameters of the pipe are f(z,t) = (100+100sin(200¢))N/m, E = 80 GPa,
6 = 0.01, «(t) = 0.69 — |0.005 — 0.001¢| + 0.005 — 0.001¢, V =4m/s, H = 2m.
It can be seen that the amplitude of displacement w(x,t), acceleration a(x,t),
strain £(z, t) are increasing as different magnitudes of force excitation increasing
from Figure The viscoelastic pipes conveying fluid show linear changes as

force excitation linearly changing.
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The above specific examples have proven the correctness of the proposed nu-

merical computation scheme and numerical results according to the comparison

with other methods. The dynamic properties of viscoelastic pipes conveying

fluid are analyzed on the basis of Shifted Legendre Polynomials algorithm in

the next part.
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Figure 6: Dynamic response on viscoelastic pipes conveying fluid versus the time

at different velocities when z values 0.5H and n values 6 for (a) Displacement,
(b) Acceleration , (¢) Strain and (d) Stress. (f(z,t) = (1004100sin(200¢))N/m,
E =80GPa, § = 0.01, a(t) = 0.69 — |0.005 — 0.001¢| + 0.005 — 0.001¢, H = 2m)
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Figure 7: Dynamic response on viscoelastic pipes conveying fluid versus the

time at different lengths of pipes when x values 0.5H and n values 6 for (a)

Displacement, (b) Acceleration , (¢) Strain and (d) Stress. (f(z,t) = (100 +
100sin(200¢))N/m, E = 80GPa, § = 0.01, a(t) = 0.69 — [0.005 — 0.001¢] +
0.005 — 0.001t, V = 4.5m/s, H = 2m)
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Figure 8: Dynamic response on viscoelastic pipes conveying fluid versus the
time at different force excitations when x values 0.5H and n values 6 for (a)
Displacement, (b) Acceleration , (¢) Strain and (d) Stress. (f(x,t) = (100 +
100sin(200¢))N/m, E = 80GPa, 0 = 0.01, «(t) = 0.69 — |0.005 — 0.001¢| +
0.005 —0.001t, V =4m/s, H = 2m)

4.2. Dynamic properties analysis

In the above analysis, several nonlinear dynamic phenomenons have oc-
curred. In order to further study the dynamic properties of viscoelastic pipes
conveying fluid, the phase plane, Poincare surface of section and bifurcation

diagram are selected to analysis the nonlinear behavior in this part.
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Considering a viscoelastic pipe conveying fluid where f(z, t)= (1004500 sin(20¢))

N/m, E = 80GPa, 6 = 0.01, «(t) = 0.6 — |0.005 — 0.001¢| + 0.005 — 0.001¢,
V =5m/s, H=10m. The external force excitation is (1004 500 sin(20¢))N/m.
Then the excitation frequency is 20 Hz. It can be noticed that the response time
is 10 seconds in Figure Within 10 seconds, 200 excitations is completed. It
can be seen that there is no closed trajectory from Figure Therefore there
may be chaos motion in the system. There are uncountable points in Poincare
surface of section which is shown in Figure Thus, there is chaos motion in
the system.
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(a) Phase plane (b) Poincare surface of section  (c¢) Response time history

Figure 9: Dynamic analysis of viscoelastic pipes conveying fluid when x values
0.5H and n values 6 for (a) Phase plane , (b) Poincare surface of section and
(c) Response time history.(f(z,t) = (100 + 500sin(20¢))N/m, E = 80 GPa,
6 =0.01, a(t) = 0.6 — |0.005 — 0.001¢| + 0.005 — 0.001¢, V = 5m/s, H = 10m)

Afterwards, three-dimensional bifurcation diagram is used to study the dy-
namic properties of viscoelastic pipes conveying fluid. As seen in Figure [10]
the displacement w(z,t) and the velocity v(x,t) bifurcate while the accelera-
tion is stable under f(x,t) = (100 4 200sin(500t))N/m, E = 80 GPa, 6§ = 0.01,
a(t) = ap—10.005—0.001¢|+0.005—0.001¢, V = 5m/s, H = 100 m. It indicates
variable fractional order «(t) won’t change chaos state of w(z,t) and «(x,t) in
above conditions. However, position = can change chaotic state of w(x,t) and
v(x,t). The state is switched from chaos to stability as position z varying. And

it shows the most chaotic state in two ends of the pipes.
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The displacement w(zx,t), velocity v(x,t) and acceleration a(zx,t) is chaos
under f(z,t) = (100 4+ 200sin(500t))N/m, E = 80GPa, § = 0.01, «a(t) =
0.5 — |0.005 — 0.001¢| 4+ 0.005 — 0.001¢, H = 10m from Figure It denotes
the system begins more chaotic as fluid velocity increasing. Furthermore, the

system is stable at the beginning of the pipe and chaotic at the end of the pipe.

X(m) 0 05 ah)

(a) Displacement (b) Velocity (c) Acceleration

Figure 10: Three-dimensional bifurcation diagram of viscoelastic pipes con-
veying fluid versus the position and the variable fractional order when n
values 6 for (a) Displacement , (b) Velocity and (c) Acceleration.(f(z,t) =
(100 4 200 sin(500¢))N/m, E = 80 GPa, 6 = 0.01, a(t) = ag — |0.005 — 0.001¢| +
0.005 — 0.001¢, V = 5m/s, H = 100 m)
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Figure 11: Three-dimensional bifurcation diagram of viscoelastic pipes convey-
ing fluid versus the position and the velocity when n values 6 for (a) Displace-
ment , (b) Velocity and (c) Acceleration.(f(x,t) = (100 + 200 sin(500¢))N/m,
E =80GPa, § = 0.01, a(t) = 0.5 —10.005 — 0.001¢| + 0.005 — 0.001¢, H = 10 m)
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5. Conclusions

As the study related to variable fractional nonlinear dynamic of fluid-solid
interaction is very little, in the research, nonlinear dynamics for viscoelastic
pipes conveying fluid is analyzed based on the variable fractional order model.
A class of nonlinear variable fractional order integral-differential equation is
firstly constructed as the more accurate governing equation compared with the
previous ones. The Shifted Legendre Polynomials algorithm is presented to solve
this type of equation. After being verified, this algorithm has the advantage of
accuracy in dealing with this kind of nonlinear variable fractional order integral-
differential equation. The study yields the following conclusions from numerical
results obtained by Shifted Legendre Polynomials algorithm:

(1) The amplitude response of viscoelastic pipes convey fluid differs too much
with force excitation response due to the viscoelastic property.

(2) Displacement and acceleration of viscoelastic pipes conveying fluid will
surge at a certain excitation frequency and variable fractional order. Their
responses change slightly with position.

(3) Displacement, acceleration, strain of viscoelastic pipes convey fluid change
regularly with elastic modulus, fluid velocity, the length of pipes and force ex-
citation magnitude. However, the stress changes not completely regularly with
these parameters.

(4) The system of viscoelastic pipes conveying fluid will be chaotic at some
certain conditions. Chaotic motion won’t be changed into stable state with
the variable fractional order varying in a certain range. Stable state will be
transformed into chaotic motion with the fluid velocity increasing. Especially

this phenomenon occurs at the beginning of the pipe.
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