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Outline 

•  Wilson line in ABJM as defects

•  Operators insertions corresponding to broken symmetries 


• Superspace formalism for correlators 

• Independent four point functions 


• Bootstrapping the four-point correlators  (Displacement super-multiplet)


•   Constraints on the correlators and OPE

•   Solving the crossing equation

•   Extracting conformal Data        


• String in 

• Minimal surface

• Witten diagrams for our four point-correlators

• Checking the boost-strap procedure

AdS4 × CP3
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Motivations 
• Why Wilsons line?


➡ They are a simple and under-control laboratory to study 
defects


➡Provide simple examples of CFT1 to test and use bootstrap 
techniques (in D=4 see e.g. Liendo, Meneghelli, Mitev 2018)


➡ They provide examples non trivial RG-flows between different 
CFT1 (in D=4 see e.g. Polchinski, Sully 2011, Beccaria, Giombi, Tseytlin 2017)


• Why 1/2  BPS?


➡ The largest possible amount of symmetries

➡Despite of the large amount of symmetries, we have a non-

trivial dynamics

➡A wide range of known exact results


• What does we learn from studying four-point correlators?


➡ First large class of correlators which aren’t fixed entirely 
through conformal symmetry  

➡CFT data
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ABJ(M) theories 
N=6 ABJ(M) model for  Uk(N) × U-k(M)      CS-gauge vectors minimally coupled to 

A suitable choice of the superpotential makes the theory super-conformal. From 
now on N=M:

In the large N-limit, the theory is integrable, but the integrability coupling h is a 
non trivial function of ’t Hooft coupling  
λ
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◆ Conjecture
[Gromov-Sizov 2014]

Weak coupling test [Leoni, Mauri, Minahan, Ohlsson Sax, Santambrogio,Sieg 2010] Strong coupling test 
[L. Bianchi, M. Bianchi, Bres, Forini,Vescovi 2014]
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[Aharony, Bergman, Jafferis, Maldacena, 2008]

4 complex scalars  

4 fermions  in the 
(anti)-bifundamental of 
the gauge group

CI, C̄I

ΨI, Ψ̄I

λ = N/k0 ∞

N=6 Super CS

with matter

D=3 SCFT

Type IIA 

Superstrings


on AdS4 × CP3

Integrability
(Localization)



Wilson line in ABJM theories 

Locally 1/2 BPS Wilson loops in ABJM are realised as the holonomy of a 
superconnection  of the supergroup U(N|N) [Drukker, Trancanelli 2009; Lee,Lee 2010; 
Cardinali, Griguolo, Martelloni, S. 2012]
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The landscape of supersymmetric/conformal Wilson loops in ABJM and in general in

D=3 is much richer than in D=4 (see rewiew: Drukker, Trancanelli, et al. 2020)

We have the merely bosonic 1/6 bosonic Wilson loops [Drukker, Plefka, Young; Chen, Wu; Rey, 
Suyama, Yamaguchi, 2008] 

hWSCSi = hTr Pe�i
R
� d⌧(ẋµAµ(x)� 2⇡i

k |ẋ|MJ
ICI C̄

J )i

with : line, circle (They exists from N=2 on, [Gaiotto, Yin 2007])  MI
J = diag(1,1, − 1, − 1)



The actual form  of the couplings (the matrix M and the fermions , ) will be not 
relevant for our discussion. This operator is 1/2 BPS if we choose as contour the 
line or the circle.
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A

There is also one-parameter family of 1/6  BPS/conformal fermionic Wilson lines: 
[Lietti, Mauri, Penati, Zhang 2017].  

Many choices for studying W-line inspired superconformal defects in D=3 
(non trivial conformal manifold with marginal directions: [Correa, Geraldo-Rivera, Silva 

2019])

We choose the 1/2 BPS Wilson line



Operator insertions in the WLine

We want to evaluate  correlators of operators inserted in the Wilson-line

⟨𝒪1(t1)𝒪2(t2) . . . 𝒪n(tn)⟩𝒲 ≡
⟨𝒲[𝒪1(t1)𝒪2(t2) . . . 𝒪n(tn)]⟩

⟨𝒲⟩
.

where 𝒲[𝒪1(t1)𝒪2(t2) . . . 𝒪n(tn)] ≡ Tr𝒫 [𝒲ti,t1𝒪1(t1)𝒲t1,t2𝒪2(t2) . . . 𝒪n(tn)𝒲tn,tf]
Since the line breaks the original super-conformal from

In particular we look at the operator insertions generated by the action of  broken 
symmetries. 
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What do we want to compute?

OSP(6|4) SU(1,1|3),

which contains the conformal group in 1-dimension, we want look, abstractly at them  
as  Correlators in a Defect Conformal Field Theory in 1-dimension.

[Similar investigation for the 1/2 BPS line in D=4: [Giombi, Roiban, Tseytlin, 2017; Giombi, Komatsu 2019]]



�x

<latexit sha1_base64="qxIqyKpXccvPZzrwlNJWk4lUS2U=">AAACB3icdZDLSgMxFIYzXmu9VV26CRbBVcnoiO2u6MZlBXuBdiiZTKYNzSRDkhHL0Adw61bfwZ249TF8BZ/CTFvBih4IfPz/OcnJHyScaYPQh7O0vLK6tl7YKG5ube/slvb2W1qmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Cr323dUaSbFrRkn1I/xQLCIEWys1OmFlBsM7/ulMqog5J7VPDiD6vkMPISgayGvMphXo1/67IWSpDEVhnCsdddFifEzrAwjnE6KvVTTBJMRHtCuRYFjqv1suu8EHlslhJFU9ggDp+rPiQzHWo/jwHbG2Az1by8X//K6qYmqfsZEkhoqyOyhKOXQSJh/HoZMUWL42AImitldIRlihYmxES3cpInyM6UjLSdFG853AvB/aJ1WXK9Su/HK9ct5TAVwCI7ACXDBBaiDa9AATUAAB4/gCTw7D86L8+q8zVqXnPnMAVgo5/0LTu6aLw==</latexit>

The ubiquitous Displacement operator

•Any defect breaks translations: 

∂μTμi(x) = δp(x⊥)Di(x∥)
 is the displacement operator Di(x∥)

• It implements small deformation of the contour

δ⟨X⟩W = ∫ dpx∥ δxi(x∥) ⟨Di(x∥)X⟩W

• Its two point function is fixed by conformal 

symmetry

⟨Di(x∥)Dj(0)⟩W = CD
δij

|x∥ |2(p+1)

• The normalization  is physical: in superconformal theories is proportional. to the 
one-point function of energy momentum tensor through a universal constant: 
[Lewkowycz, Maldacena 2013] [Bianchi, Lemos, Meineri, 2018], [Bianchi, Lemos 2019]


• In superconformal field theories, it gets together with other operators associated to 
other broken charges to form a short super-multiplet.

CD
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[Present framework and conventions: Billo, Goncalves, Lauria, Meineri, 2016] 




Displacement Supermultiplet
The presence of the 1/2 BPS Wilson Line breaks the  original symmetry

OSP(6|4)

ABJM

SU(1,1|3)

ABJM+1/2 BPS 

WL
Bosonic 
subgroup:

SO(1,4)xSUR(4) SO(1,2)xSUR(3)xU(1)

space-time symmetry

(translations)

R-symmetry

SUR(4)         SUR(3)

supersymmetries

Broken symmetries: Defect operators:

Oa Ōa, {a = 1, 2, 3}

<latexit sha1_base64="e2LKU5J6erS7Hvp8LHm63CXsSfg="></latexit>

⇤a ⇤̄a, {a = 1, 2, 3}

<latexit sha1_base64="qp77nrkWGNoxClhLnKDBIYR+yhg="></latexit>

D D̄

<latexit sha1_base64="aOkyzPOXn5/EnWPVH1TD2Wi2TAk=">AAACPHicbVDPS8MwGE2nzjl/bXoUJDgEDzJaGai3oR48TnCbsJaRZOkWljYlSYVRevOv8apn/w/v3sSrZ9OtoNv8QuDx3vcl73s44kxp2363Ciura8X10kZ5c2t7Z7dS3esoEUtC20RwIR8wUpSzkLY105w+RJKiAHPaxePrTO8+UqmYCO/1JKJegIYh8xlB2lD9yqEbID3COLlJXWgORjL5pdJ+pWbX7WnBZeDkoAbyavWrVtEdCBIHNNSEI6V6jh1pL0FSM8JpWnZjRSNExmhIewaGKKDKS6aLpPDYMAPoC2luqOGU/TuRoECpSYBNZ+ZRLWoZ+Z/Wi7V/4SUsjGJNQzL7yI851AJmqcABk5RoPjEAEcmMV0hGSCKiTXZzLykivUQqX4m5XRKMBR+cGg+Zc5WWTXLOYk7LoHNWdxr1y7tGrXmVZ1gCB+AInAAHnIMmuAUt0AYEPIFn8AJerTfrw/q0vmatBSuf2QdzZX3/AASdrmQ=</latexit>

These operators do not exhaust the content of the super-multiplet. In fact none has

the right  quantum number to be highest weight of this multiplet:

Fermionic-superprimary F F̄

<latexit sha1_base64="x6xq8XnE183qoj4qGvXTYwftA84=">AAACPHicbVDPS8MwGE2nzjl/bXoUJDgEDzJaGai3oSAeJ7hNWMtIsnQLS5uSpMIovfnXeNWz/4d3b+LVs+lW0G1+IfB47/uS9z0ccaa0bb9bhZXVteJ6aaO8ubW9s1up7nWUiCWhbSK4kA8YKcpZSNuaaU4fIklRgDnt4vF1pncfqVRMhPd6ElEvQMOQ+Ywgbah+5dANkB5hnNykLjQHI5n8Umm/UrPr9rTgMnByUAN5tfpVq+gOBIkDGmrCkVI9x460lyCpGeE0LbuxohEiYzSkPQNDFFDlJdNFUnhsmAH0hTQ31HDK/p1IUKDUJMCmM/OoFrWM/E/rxdq/8BIWRrGmIZl95MccagGzVOCASUo0nxiAiGTGKyQjJBHRJru5lxSRXiKVr8TcLgnGgg9OjYfMuUrLJjlnMadl0DmrO4365V2j1rzKMyyBA3AEToADzkET3IIWaAMCnsAzeAGv1pv1YX1aX7PWgpXP7IO5sr5/AAuvrmg=</latexit>
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[L.Bianchi, L. Griguolo, M. Preti and D.S. 2017] 



Anti-chiral multipletB
1
2
3
2 ,0,0

:

F̄ [ 12 ,�
3
2 , 0, 0]

# Q̄a

Ōa [1,�2, 0, 1]
# Q̄a

⇤̄
a [ 32 ,�

5
2 , 1, 0]

# Q̄a

D̄ [2,�3, 0, 0]

<latexit sha1_base64="vXtSKRfFetLh08OknUL0M3blbl8="></latexit>

Chiral multipletB̄
1
2
3
2 ,0,0

:

F [ 12 ,
3
2 , 0, 0]

# Qa

O
a [1, 2, 1, 0]
# Qa

⇤a [ 32 ,
5
2 , 0, 1]

# Qa

D [2, 3, 0, 0]

<latexit sha1_base64="4jj5LEpcsFnV1qIFYXrrrVtk830="></latexit>

SU(1,1|3) representations:

[Δ,j0,j1,j2]:

-Δ    conformal dimension

-j0    U(1) charge

-j1,j2  Dynkin label di SUR(3)   

Displacement Supermultiplet

10



Superspace Formalism

We can pack this multiplet into a chiral super-field

�(y, ✓) = F(y) + ✓aO
a(y)� 1

2
✓a✓b ✏

abc
⇤c(y) +

1

3
✓a✓b✓c ✏

abc
D(y)

<latexit sha1_base64="9VBMbggXZ1X6U/Z+kTGFPXqsDXM="></latexit>

where                  as usual.y = t+ ✓a✓̄
a

<latexit sha1_base64="IgqWRUBO89Nj8VcX6PQ9grVerf0="></latexit>

Two point function in superspace:

h�(y1, ✓1)�̄(ȳ2, ✓̄2)i =
c�
h12̄i

<latexit sha1_base64="ZI6cfs35zadoaHwyJ9PA63bQ9LY="></latexit>

hij̄i = yi � yj � 2✓ai✓̄aj

<latexit sha1_base64="P14Yg6rxdQ/seXw8/j+j9WDkp1w="></latexit>

The symbol       stands for the so-called the chiral distancehij̄i

<latexit sha1_base64="/H3HDrcJNKN4EYTXMurDb8jIk1U="></latexit>

D̄i hij̄i = Dj hij̄i = (Qi +Qj) hij̄i = (Q̄i + Q̄j) hij̄i = 0

<latexit sha1_base64="AK24SFXcY53Wr8G9XgVEWHjblMM="></latexit>

The three point function vanishes beacause of the U(1)-symmetry (charged 
superfield)

C�(�) = 2B1/2(�)

<latexit sha1_base64="bJbNInVmty+LxioB1JUfBV/GRKA="></latexit>

The constant cΦ  is known exactly. In fact it is related to the Bremsstrahlung 
function:
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[Similar superspace for formulation in D=4: Liendo, Meneghelli, Mitev 2018]



Four point Functions

h�(y1, ✓1)�̄(ȳ2, ✓̄2)�(y3, ✓3)�̄(ȳ4, ✓̄4)i =
c2�

h12̄i h34̄i f(Z) ,

h�(y1, ✓1)�̄(ȳ2, ✓̄2)�̄(ȳ3, ✓̄3)�(y4, ✓4)i = � c2�
h12̄i h43̄i h(X )

<latexit sha1_base64="eEvCq01T7Kbx23oOixCCu3EOJiI="></latexit>

We have two possible four point functions in one dimension:

Z =
h12̄i h34̄i
h14̄i h32̄i X = �h12̄i h43̄i

h13̄i h24̄i

<latexit sha1_base64="3h+Oqy+WKTFZhkztYfIzfeZHl7s="></latexit>

where we have introduced the following two harmonic ratios:

Both correlates are ordered such that t1<t2<t3<t4.  


In higher dimensions these two correlates are related by crossing, but not in 
one dimension 

z =
t12t34
t14t32

� =
t12t34
t13t24

z =
�

�� 1

<latexit sha1_base64="B2vYHNZlJhSUUTKg6SFjc0xj02w=">AAAC63icdVFNb9QwEPWGr7J8beHIxWJFxSGskjQS9FCpggvHIrFtpd1o5TjOrrt2HNkTxDbyr+it4srv4cwP4Qo4aSqRQkeyPfPeG3s8k5aCGwiCHwPv1u07d+9t3R8+ePjo8ZPR9tMjoypN2ZQqofRJSgwTvGBT4CDYSakZkalgx+n6fcMff2bacFV8gk3JEkmWBc85JeCgxYjjs539ea4JrWFRh5F1+25sbRvFbRRZi3fwnK74zcrdJoriVnnWqZoM2+6vQzscLkbjYBIFjeF/nXDSnsEYdXa42B6czjNFK8kKoIIYMwuDEpKaaOBUMDucV4aVhK7Jks2cWxDJTFK3PbH4pUM ynCvtVgG4Rf/OqIk0ZiNTp5QEVuY614D/42YV5G+TmhdlBayglw/llcCgcNNgnHHNKIiNcwjV3NWK6Yq4hoAbQ+8mQ3VSa5Mb1ftLnaZKZL6roanc9DkgaSWI/tJHhSqWjrnWlPrqCp9V7i1egt992jcgid7ozE81WTOwzXSuRoBvdo6iSRhP9j7G44N33Zy20HP0Ar1CIXqDDtAHdIimiKLv6Cf6hX570jv3Lryvl1Jv0OU8Qz3zvv0BPbvwWg==</latexit>

Even if we write f as function of χ , we cannot wiew h as its analytical continuation

A relation between f and h exists, but it will emerge from their s-channel block 
expansion 12



In both cases all the information is carried by the superprimary. For instance, 
for the first type of 4-point function:

hOa1(t1)Ōa2(t2)O
a3(t3)Ōa4(t4)i =

4C2
�

t212t
2
34

h
�a1
a2
�a3
a4

�
f(z)� zf 0(z) + z2f 00(z)

�

� �a1
a4
�a3
a2

�
z2f 0(z) + z3f 00(z)

� i

hD(t1)D̄(t2)D(t3)D̄(t4)i =
(12C�)2

t412t
4
34

1

36

h
36f(z)� 36(z4 + z)f 0(z) + 18z2(�14z3 + 3z2 + 1)f 00(z)

� 6z3
�
55z3 � 39z2 + 3z + 1

�
f (3)(z)� 3z4

�
46z3 � 63z2 + 18z � 1

�
f (4)(z)

� 3(z � 1)2z5(7z � 1)f (5)(z)� (z � 1)3z6f (6)(z)
i

hD(t1)D̄(t2)O
a3(t3)Ōa4(t4)i =

24C2
�

t412t
2
34

�a3
a4

1

6

h
(1� z) z4f (4)(z)� (3z +1) z3f (3)(z)

+ 3z2 f 00(z)� 6zf 0(z) + 6f(z)
i
,

<latexit sha1_base64="ln53ruK7ewoWzNpBeDVQzRjWpQo="></latexit>

hF(t1)F̄(t2)F(t3)F̄(t4)i =
C2

�

t12t34
f(z)

<latexit sha1_base64="qWHVRrrPYcomqgQt8wQXxD6ExCs="></latexit>

All other correlators are then obtained by expanding the superspace expressions 
and are built by f(z) and its derivatives.

Four point Functions

13



Selection rules for  the OPE
If we want to use  bootstrap to compute our four point correlators, we have two 
qualitatively different channels:

Chiral-Anti Chiral channel:

Chiral-Chiral channel:

�⇥ �̄ ⇠ 1 +A�
0,0,0

<latexit sha1_base64="H+PZl/9D5nC6nQF18jZrZ+Awrcg="></latexit>

Identity

Operator

Any Long 
supermultiplet 

Δ>0
The same selection rule of SU(1,1|1) (see [Bianchi, Preti, Vescovi 2018])

�⇥ � ⇠ B̄3 + B̄7/2,1 + B̄4,0,1 +A�
9/2,0,0

<latexit sha1_base64="XFIqx8HPHMfokBviIdye7mf0LQY="></latexit>

1/2 BPS

Supermult.

1/3 BPS

Supermult.

1/6 BPS

Supermult.

Any Long 
supermultiplet Δ>3/2 
(unitarity bound) 

In the OPE of the superprimary operator F, every supermultiplet contributes with 
a single conformal family, whose conformal primary has quantum numbers [∆, 2j0, 0, 
0]. 
 14



Bootstrapping 4 Point Functions

Can we obtain the form of f(z) and h(χ) with help of symmetries and a minimal 
set of physical assumptions on their structure? 

hF(t1)F̄(t2)F(t3)F̄(t4)i =
C2

�

t12t34
f(z)

<latexit sha1_base64="qWHVRrrPYcomqgQt8wQXxD6ExCs="></latexit>

hF(t1)F̄(t2)F̄(t3)F(t4)i =
C2

�

t12t34
h(�)

<latexit sha1_base64="H4Lwg6TBG/RKEXwIco2uOjz/QKk="></latexit>

z =
�

�� 1

<latexit sha1_base64="qNFyv1PiZE+eLcfbKcD+2Y0AgRE="></latexit>

Where z and χ are the two harmonic ratio and they are related by

Inserting a resolution of the identity in the s-channel, namely between t2 and t3, 
in both correlators, we find the following two expansions for the functions:

f(z) = 1 +
X

�

c� G�(z) G�(z) = (�z)�2F1(�,�, 2�+ 3; z)

<latexit sha1_base64="HipmilN//G4INmwkHt+zsIO4NX4="></latexit>

h(�) = 1 +
X

�

c̃� G̃�(�) G̃�(�) = ��
2F1(�,�, 2�+ 3;�)

<latexit sha1_base64="s4NsUFgH66Cho/G30t56xt/9Pc4="></latexit>

Exploiting these two expansions we can show that  h and f are related!
15

[Dolan,  Osborn 2011]

[Dolan,  Osborn 2011]

[Ferrara, Gatto, Grillo, Parisi 72,74; Polyakov 74; Rattazzi, Rychov, Tonni, Vichi,08………..]  

[Liendo, Meneghelli, Mitev 2018]  



Parity restrictions

The coefficient in the above expansions are related two the coefficient in the OPE 
expansions as follows:

In 1D CFT, there is a Z2  parity transformation t → −t, which implies [Billò, Caselle, 
Gaiotto, Gliozzi, Meineri, Pellegrini 2013]  

hO1(t1)O2(t2)O3(t3)i = (�1)T1+T2+T3 hO3(�t3)O2(�t2)O1(�t1)i

<latexit sha1_base64="PwDm0XwZwN/9EYCroA0ZLAzyrBY="></latexit>

Ti (i=1,2,3) are the charge of these operators under this symmetry. Then

fFF̄O�
= (�1)1+TOfF̄FO�

(for fermions)

<latexit sha1_base64="qDkAdXwsaWEjUu95jHKB0FY9gEk="></latexit>

c� = fFF̄O�
fFF̄O�

c̃� = fFF̄O�
fF̄FO�

<latexit sha1_base64="Ip9svht4GYUvv8uVB+rsSz2OZ+Q="></latexit>

Therefore 

c� = (�1)TO+1c̃�

<latexit sha1_base64="K/tHIB4o5vKIOQJBxbj3wyHDYsg="></latexit>

A similar relations holds for bosonic super-primary. You have simply to drop the one 
in the exponent.
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Back to bootstrapping

To apply analytic bootstrap it is convenient to redefine the function f

f̂(�) =
f( �

��1 )

�

<latexit sha1_base64="dzqAifWJ4ipYicb/MmQ/hIDoILc="></latexit>

Crossing equation:

Σ =  Σ
O

O

O’
O’ f̂(�) = f̂(1� �)

<latexit sha1_base64="sr6ZfIf7JI0g9fB8lb5A3fD1PZU="></latexit>

1

2 3

4

1

2

4

3

We assume that f can be expanded perturbatively in parameter ε
f̂(�) = f̂

(0)(�) + ✏ f̂
(1)(�) +O(✏2)

<latexit sha1_base64="m5qKyDGPgfSQpTNU38cI3TGaN8Y="></latexit>
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We can fix  by performing the Wick contraction in free theory (at strong coupling):

f (0)(z) = 1� z

<latexit sha1_base64="S9UALKc7D/wbxPkG/LhlL7ftoGg="></latexit>

f̂ (0)(�) =
1

�(1� �)

<latexit sha1_base64="uXYi5qxedxWcKVsWpNMCAP0EAx0="></latexit>

alternatively

These form can be interpreted as the exchange of generalised free field 
schematically of the form,

[FF̄]n ⇠ F@n
t F̄

<latexit sha1_base64="+01AIX/MnXLBZ8IOcxXc86xefJ4="></latexit>

and of conformal dimension 1+n. By using the orthogonality relation,
I

dz

2⇡i

z

(1� z)3
G1+n(z)G�3�n0(z) = �n,n0

<latexit sha1_base64="Kc5pOBFagk+DohX98yBqxhoGjz4="></latexit>

for the conformal blocks. We can also extract the leading behaviour of the  
coefficients cΔ 

c(0)n =

p
⇡2�2n�3�(n+ 4)

(n+ 1)�
�
n+ 5

2

�

<latexit sha1_base64="n3bAJT71Ai3H1l5ylYX4KEPb+fY="></latexit>

Back to bootstrapping
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Step1: To determine the first correction, we have to make an ansatz for the form 
of f(1)(χ); we shall use using the minimal ansatz proposed by  [Liendo, Meneghelli, Mitev 
2018]


f̂ (1)(�) = r(�) log(1� �) + r(1� �) log�+ q(�)

<latexit sha1_base64="H+A/4iTGkMDEoZhigF7csJ3Drjk="></latexit>

where  and  are rational functions with .  


Step2:  The above ansatz has infinite an infinite family of solutions. We have to 
impose additional reasonable physical constraints on the possibile solutions:  

[Liendo, Meneghelli, Mitev 2018]


r(χ) q(χ) q(χ) = q(1 − χ)

 Mildest large n-behaviour for the anomalous dimensions  :  We assume    
. This picks out the solution where 

γn
γ(1)

n ∼ n2

q(�) =
q�1

�(1� �)

<latexit sha1_base64="t8XS/hX5ORo5UlELlrlnxDSyWFY="></latexit>

Back to bootstrapping
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 Existence of poles only at physical position: namely when two operators collide


Unitarity bounds in the  channel:  per .𝔽𝔽 γ(1)
n = 0 n < 3

Back to bootstrapping

These criteria allow us to fix completely the form of : 
f (1)(z)

f (1)(z) = −
(1 − z)3

z
log(1 − z) + z(3 − z)log(−z) + z − 1

The same kind of analysis allow us to construct the leading correction to 
:           h(χ) h(0)(χ) = 1 − χ

h(1)(χ) =
(1 − χ)3

χ
log(1 − χ) − χ(3 − χ)log(χ) + 1 − χ

20



Extracting conformal data

A natural question if wether the knowledge of this analytical solution of the 
crossing equation allow us  to extract  the anomalous dimensions:


and the OPE the first correction to the OPE coefficient.

Δn = 1 + n + ϵγ(1)
n + O(ϵ2)

The naive inversion procedure gives for the chiral-antichiral channel  

γ(1)
n = − n2 − 4n − 3

and  

c(1)
n = c(0)

n [−2 − 4n + γ(1)
n (ψ(n + 4) − ψ(n+ 5

2 ) − 2 log(2) −
1

n + 1 )]
Mixing Problem: Mixing between 2 particle operators  with multi particle 
opearators. For instance,  n=2   mixes with the four particle operator . 


Thus  is only a linear combination of the anomalous dimensions of the operator 
appearing in the mixing.


𝔽∂n
t 𝔽

𝔽∂2
t 𝔽 𝔽𝔽𝔽𝔽

γ(1)
n
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Our 1/2 BPS Wilson line is dual to the fundamental string ending on this defect at 
the boundary   AdS4

AdS4 × CP3 String

The minimal area solution is embedded in  [Forini, Puletti, Sax 2012]:AdS4

ds2
AdS4

=
dz2 + dxrdxr

z2
z = s , x0 = t , xi = 0 , i = 1,2 ,

(Minimal surface)

String fluctuations 12

This action can be expanded as:

SB = T

Z
d
2
�
p
g
�
g
µ⌫
@µX@⌫X̄ + 2|X|

2
+ g

µ⌫
@µw̄a@⌫w

a
+ Lint

�

Which is simply that of interacting fields X, X̄, w̄a, w
a

propagating in AdS2.

Grading Fluctuation Operator � m
2

Fermion  F(t)
1
2 0

Boson w
a

O
a
(t) 1 0

Fermion  a ⇤a(t)
3
2 1

Boson X D(t) 2 2

m
2
= �(�� 1) m

2
= (��

1

2
)
2

(Bosons) (Fermions)

dsAdS2
=

dt2 + ds2

s2

Fluctuation modes of the world-sheet are 
naturally associated to contour deformations.

String fluctuations are the AdS dual of the 
displacement supermultiplet
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Witten diagrams

Thus our bootstrap analysis can be checked by computing Witten diagrams in AdS2

It is sufficient (at this order) to consider only the bosonic part of the string-sigma 
model in  developed up to the quartic interactions: AdS4 × CP3

SB ⌘T

Z
d2�

p
g LB , LB = L2 + L4X + L2X,2w + L4w + ... ,

L2 =gµ⌫@µX@⌫X̄ + 2|X|2 + gµ⌫@µwa@⌫w̄a ,

L4X =2|X|4 + |X|2 (gµ⌫@µX@⌫X̄)� 1

2
(gµ⌫@µX@⌫X)(g⇢@⇢X̄@X̄) ,

L2X,2w = (gµ⌫@µX@⌫X̄) (g⇢@⇢wa@w̄a)� (gµ⌫@µX@⌫wa) (g⇢@⇢X̄@w̄a)

� (gµ⌫@µX̄@⌫w
a) (g⇢@⇢X@w̄a) ,

L4w = � 1
2 (w

aw̄a)(gµ⌫@µwb@⌫w̄b)� 1
2 (w

aw̄b)(gµ⌫@µwb@⌫w̄a) +
1
2 (g

µ⌫@µwa@⌫w̄a)2

� 1
2 (g

µ⌫@µwa@⌫w̄b) (g⇢@⇢w̄a@wb)� 1
2 (g

µ⌫@µwa@⌫wb) (g⇢@⇢w̄a@w̄b)

<latexit sha1_base64="43di0I30grUtOZnNts8xbVyCKD4="></latexit>

            X → 𝔻 wa → 𝕆a
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Witten diagrams

The simplest correlator to compute is 

⟨wa1(t1) w̄a2
(t2) wa3(t3) w̄a4

(t4)⟩ = [Cw(λ)]2

t2
12t2

34
Ga1 a3

a2 a4
(χ)

dual to .⟨𝕆a1(t1)�̄�a2
(t2)𝕆a3(t3)�̄�a4

(t4)⟩

Leading Order:

w(t1)
<latexit sha1_base64="+aedWbazRpMLcm1jfdUlBjxJxdI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvXiMYB6QLGF2MpuMmZ1dZnqVEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95iPXRsTqHkcJ9yPaVyIUjKKVGk9l7Hqn3WLJrbgzkGXiZaQEGWrd4lenF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP55dOyEnVumRMNa2FJKZ+ntiTCNjRlFgOyOKA7PoTcX/vHaK4ZU/FipJkSs2XxSmkmBMpq+TntCcoRxZQpkW9lbCBlRThjaggg3BW3x5mTTOKt555ezuolS9zuLIwxEcQxk8uIQq3EIN6sDgAZ7hFd6c2Hlx3p2PeWvOyWYO4Q+czx+oyo6G</latexit>

w̄(t2)
<latexit sha1_base64="hgc81ky8NR3bfgECsXNW8/JjFsU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QhLLZbtqlm03YnSgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPC8gKnuaVrFfP++XK07NmcNeJW5OKpCj2S9/eYOYphGTSAXRuuc6CfoZUcipYNOSl2qWEDomQ9YzVJKIaT+b3zy1z4wysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYbXfsZlkiKTdLEoTIWNsT0LwB5wxSiKiSGEKm5utemIKELRxFQyIbjLL6+Sdr3mXtTq95eVxk0eRxFO4BSq4MIVNOAOmtACCgk8wyu8Wan1Yr1bH4vWgpXPHMMfWJ8/dPaRTA==</latexit>

w̄(t4)
<latexit sha1_base64="9Ba7EpNKS4G8M6GY12aS6kv8S5s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpBT0WvXisYGuhCWWz3bRLN5uwO1FK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkRwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epoqxNYxGrbkA0E1yyNnIUrJsoRqJAsIdgfDPzHx6Z0jyW9zhJmB+RoeQhpwSN5HkBUdnTtIr9xnm/XHFqzhz2KnFzUoEcrX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG88jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVdOo196JWv2tUmtd5HEU4gVOogguX0IRbaEEbKCTwDK/wZqXWi/VufSxaC1Y+cwx/YH3+AHgAkU4=</latexit>

w(t3)
<latexit sha1_base64="sVsO3wAC9YTcFOsbVgq7V6gRLtY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9kFEz0SvXjERB4JbMjsMAsTZh/O9GrIhp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2Z++5ErLaLwHicxdwM6DIUvGEUjddKnaRn7tfN+sWRX7DnIKnEyUoIMjX7xqzeIWBLwEJmkWncdO0Y3pQoFk3xa6CWax5SN6ZB3DQ1pwLWbzu+dkjOjDIgfKVMhkrn6eyKlgdaTwDOdAcWRXvZm4n9eN0H/yk1FGCfIQ7ZY5CeSYERmz5OBUJyhnBhCmRLmVsJGVFGGJqKCCcFZfnmVtKoVp1ap3l2U6tdZHHk4gVMogwOXUIdbaEATGEh4hld4sx6sF+vd+li05qxs5hj+wPr8AXP1j5Q=</latexit>

w(t1)
<latexit sha1_base64="+aedWbazRpMLcm1jfdUlBjxJxdI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvXiMYB6QLGF2MpuMmZ1dZnqVEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95iPXRsTqHkcJ9yPaVyIUjKKVGk9l7Hqn3WLJrbgzkGXiZaQEGWrd4lenF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP55dOyEnVumRMNa2FJKZ+ntiTCNjRlFgOyOKA7PoTcX/vHaK4ZU/FipJkSs2XxSmkmBMpq+TntCcoRxZQpkW9lbCBlRThjaggg3BW3x5mTTOKt555ezuolS9zuLIwxEcQxk8uIQq3EIN6sDgAZ7hFd6c2Hlx3p2PeWvOyWYO4Q+czx+oyo6G</latexit>

w̄(t2)
<latexit sha1_base64="hgc81ky8NR3bfgECsXNW8/JjFsU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QhLLZbtqlm03YnSgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPC8gKnuaVrFfP++XK07NmcNeJW5OKpCj2S9/eYOYphGTSAXRuuc6CfoZUcipYNOSl2qWEDomQ9YzVJKIaT+b3zy1z4wysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYbXfsZlkiKTdLEoTIWNsT0LwB5wxSiKiSGEKm5utemIKELRxFQyIbjLL6+Sdr3mXtTq95eVxk0eRxFO4BSq4MIVNOAOmtACCgk8wyu8Wan1Yr1bH4vWgpXPHMMfWJ8/dPaRTA==</latexit>

w̄(t4)
<latexit sha1_base64="9Ba7EpNKS4G8M6GY12aS6kv8S5s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpBT0WvXisYGuhCWWz3bRLN5uwO1FK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkRwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epoqxNYxGrbkA0E1yyNnIUrJsoRqJAsIdgfDPzHx6Z0jyW9zhJmB+RoeQhpwSN5HkBUdnTtIr9xnm/XHFqzhz2KnFzUoEcrX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG88jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVdOo196JWv2tUmtd5HEU4gVOogguX0IRbaEEbKCTwDK/wZqXWi/VufSxaC1Y+cwx/YH3+AHgAkU4=</latexit>

w(t3)
<latexit sha1_base64="sVsO3wAC9YTcFOsbVgq7V6gRLtY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9kFEz0SvXjERB4JbMjsMAsTZh/O9GrIhp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2Z++5ErLaLwHicxdwM6DIUvGEUjddKnaRn7tfN+sWRX7DnIKnEyUoIMjX7xqzeIWBLwEJmkWncdO0Y3pQoFk3xa6CWax5SN6ZB3DQ1pwLWbzu+dkjOjDIgfKVMhkrn6eyKlgdaTwDOdAcWRXvZm4n9eN0H/yk1FGCfIQ7ZY5CeSYERmz5OBUJyhnBhCmRLmVsJGVFGGJqKCCcFZfnmVtKoVp1ap3l2U6tdZHHk4gVMogwOXUIdbaEATGEh4hld4sx6sF+vd+li05qxs5hj+wPr8AXP1j5Q=</latexit>

[Cw(λ)]2

t2
12t2

34
[δa1

a2
δa3

a4
+

χ2

(1 − χ)2
δa1

a4
δa3

a2 ]
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Witten diagrams

w(t1)
<latexit sha1_base64="+aedWbazRpMLcm1jfdUlBjxJxdI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBT0GvXiMYB6QLGF2MpuMmZ1dZnqVEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dQSKFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95iPXRsTqHkcJ9yPaVyIUjKKVGk9l7Hqn3WLJrbgzkGXiZaQEGWrd4lenF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP55dOyEnVumRMNa2FJKZ+ntiTCNjRlFgOyOKA7PoTcX/vHaK4ZU/FipJkSs2XxSmkmBMpq+TntCcoRxZQpkW9lbCBlRThjaggg3BW3x5mTTOKt555ezuolS9zuLIwxEcQxk8uIQq3EIN6sDgAZ7hFd6c2Hlx3p2PeWvOyWYO4Q+czx+oyo6G</latexit>

w̄(t2)
<latexit sha1_base64="hgc81ky8NR3bfgECsXNW8/JjFsU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsB/QhLLZbtqlm03YnSgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSK4Rsf5tgpr6xubW8Xt0s7u3v5B+fCoreNUUdaisYhVNyCaCS5ZCzkK1k0UI1EgWCcY3878ziNTmsfyAScJ8yMylDzklKCRPC8gKnuaVrFfP++XK07NmcNeJW5OKpCj2S9/eYOYphGTSAXRuuc6CfoZUcipYNOSl2qWEDomQ9YzVJKIaT+b3zy1z4wysMNYmZJoz9XfExmJtJ5EgemMCI70sjcT//N6KYbXfsZlkiKTdLEoTIWNsT0LwB5wxSiKiSGEKm5utemIKELRxFQyIbjLL6+Sdr3mXtTq95eVxk0eRxFO4BSq4MIVNOAOmtACCgk8wyu8Wan1Yr1bH4vWgpXPHMMfWJ8/dPaRTA==</latexit>

w̄(t4)
<latexit sha1_base64="9Ba7EpNKS4G8M6GY12aS6kv8S5s=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpBT0WvXisYGuhCWWz3bRLN5uwO1FK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzgkRwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRR8epoqxNYxGrbkA0E1yyNnIUrJsoRqJAsIdgfDPzHx6Z0jyW9zhJmB+RoeQhpwSN5HkBUdnTtIr9xnm/XHFqzhz2KnFzUoEcrX75yxvENI2YRCqI1j3XSdDPiEJOBZuWvFSzhNAxGbKeoZJETPvZ/OapfWaUgR3GypREe67+nshIpPUkCkxnRHCkl72Z+J/XSzG88jMukxSZpItFYSpsjO1ZAPaAK0ZRTAwhVHFzq01HRBGKJqaSCcFdfnmVdOo196JWv2tUmtd5HEU4gVOogguX0IRbaEEbKCTwDK/wZqXWi/VufSxaC1Y+cwx/YH3+AHgAkU4=</latexit>

w(t3)
<latexit sha1_base64="sVsO3wAC9YTcFOsbVgq7V6gRLtY=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHBC9kFEz0SvXjERB4JbMjsMAsTZh/O9GrIhp/w4kFjvPo73vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8ajmUoS8iQIl78SK08CTvO2Nb2Z++5ErLaLwHicxdwM6DIUvGEUjddKnaRn7tfN+sWRX7DnIKnEyUoIMjX7xqzeIWBLwEJmkWncdO0Y3pQoFk3xa6CWax5SN6ZB3DQ1pwLWbzu+dkjOjDIgfKVMhkrn6eyKlgdaTwDOdAcWRXvZm4n9eN0H/yk1FGCfIQ7ZY5CeSYERmz5OBUJyhnBhCmRLmVsJGVFGGJqKCCcFZfnmVtKoVp1ap3l2U6tdZHHk4gVMogwOXUIdbaEATGEh4hld4sx6sF+vd+li05qxs5hj+wPr8AXP1j5Q=</latexit>

Lint

<latexit sha1_base64="qWatYOPc346+yTncI+k3/yqNymg=">AAACFnicbVDLSsNAFJ34rPUVFVduBovgqiRSUHdFNy5cVLAPaEKYTCft0MlMmJkIJeQ/3LrVf3Anbt36C36F0zQL23pg4HDOvXcOJ0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447CiRSkzaWDAheyFShFFO2ppqRnqJJCgOGemG49up330iUlHBH/UkIX6MhpxGFCNtpMA+9mKkRwrL7D4PMk/GkHKdB3bNqTsF4DJxS1IDJVqB/eMNBE5jwjVmSKm+6yTaz5DUFDOSV71UkQThMRqSvqEcxUT5WRE/h2dGGcBISPO4hoX6dyNDsVKTODSTRdhFbyr+5/VTHV35GeVJqgnHs4+ilEEt4LQLOKCSYM0mhiAsqckK8QhJhLVpbO6SKcjPpIqUyKumHHeximXSuai7jfr1Q6PWvClrqoATcArOgQsuQRPcgRZoAwwy8AJewZv1bL1bH9bnbHTFKneOwBysr1+xAqBM</latexit>

Subleading Order: Connected contribution [only in terms of D-function [Dolan-Osborn 01,03]

⟨wa1(t1) w̄a2
(t2) wa3(t3) w̄a4

(t4)⟩conn. = ϵ [𝒞Δ=1]2

t2
12t2

34
[δa1

a2
δa3

a4
G1(χ) + δa1

a4
δa3

a2
G2(χ)]

G1(χ) = − 3 +
1

(χ − 1)
−

χ2

(1 − χ)2
log χ + (1 −

4
χ ) log(1 − χ)

G2(χ) = −
χ(3χ + 1)
(1 − χ)2

+
χ2(χ + 3)
(χ − 1)3

log χ − log(1 − χ)

We can now reconstruct f(z) by solving the system of differential equation 
connecting this correlator to that of 𝔽𝔽𝔽𝔽

with

f(z) = 1 − z + ϵ [z − 1 + z(3 − z)log(−z) −
(1 − z)3

z
log(1 − z)]

Perfect agreement!!! 25



Conclusions 
• We have identified the Displacement supermultiplet for  1/2 BPS in ABJM 

theories


•  We have identified the dual of these operators in the correspondence


• We have constructed a superspace formalism to study the four point 
correlation functions.


•  We were able  to determine the four point functions of this 
supermultiplet at the lowest non trivial order


‣ by means of booststrap techniques


‣ via computation of Witten diagrams in the dual picture


• We were able to extract a certain amount of conformal data of the 
underlying CFT1
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Outlooks 

• Go beyond the tree-level approximation in the string analysis:  Witten 
diagrams with loops.


• Bootstrapping the four point function at higher order


• Interplay with integrability 


• Investigating the existence of topological sector: computable through 
localisation techniques


• Exploring the RG flow between different Wilson line in three dimensions: 
much richer situation than in four 


• Apply these techniques to  different Wilson lines and defects
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