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Context

• Improve understanding of hydrodynamics as universal dynamics

• Improve understanding of anomalous transport

• Reevaluate phenomenology

– Chiral magnetic effect (heavy ions)

– Magnetogenesis, baryogenesis (cosmology)

– Chiral Q-bits

– ...
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Plan

Hydrodynamics

Magneto Hydrodynamics (MHD)

Microscopic realization: Classical EM on a lattice

Application: Chiral decay rate Γ5

Main result: verified from micro. Γ5 ∝ resistivity ∝ limt→∞〈E(t)E(0)〉
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Hydro from my UG

Euler,

Navier-Stokes, . . .

∂t(ρvi) + ∂j(· · ·?) = 0

Poiseuille

www.cardio-online.fr
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Symmetries Conservation
laws

Equilibrium (static) state ρ̂

Hydro: Systematic expansion of
cons. laws around ρ̂

[Kovtun, 12], [Gloriosio, Liu, 18] for reviews
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)
uµ = (1− v2)−1/2(1, v)

Medium velocity

Typically v= 0

Cons. law: ∂µTµν = 0
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Transverse proj.

∆µν = ηµν + uµuν

Generically:

Tµν = Euµuν + P∆µν

+(qµuν + qνuµ) + tµν

Hydro:

E
P
qµ

tµν

= ε(x, t)
= p(x, t)
= 0

= 0

0th order (“ideal”)

+ fE(∂u, ∂T)
+ fP(∂u, ∂T)
+ fq(∂u, ∂T)
+ ft(∂u, ∂T)

1st order

+ O(∂2)

+ O(∂2)

+ O(∂2)

+ O(∂2)
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For example (“Landau frame”)

fE(∂u, ∂T) = 0

fP(∂u, ∂T) = −ζ∂µuµ

fq(∂u, ∂T) = 0

ft(∂u, ∂T) = −ησµν

σµν = ∆αν∆βν
(
∂αuβ + ∂β uα − 2

d ∂αuαηµν

)

ζ = bulk viscosity
η = shear viscosity
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• IR EFT of “slow modes”

• Built from conservation laws

Tµν+ other internal symmetries
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Idea:

• Maxwell eqs:

∂µFµν = Jν , ∂µF̃µν = 0

• Tµν = Tfluid
µν + TEM

µν

∂µTµν = 0

• Jµ = εuµ + J⊥µ

Ohm’s law: J⊥µ = σ Fµρuρ︸ ︷︷ ︸
Eµ

Power counting:

• O(∂0) : uµ, T, ~B
• O(∂1) : ∂uµ, ∂T,~E, . . .
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All good, but:

• Extra assumptions to hydro

• Ohm’s law at weak coupling only

More “hydro EFT” approach?
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[Grozdanov, Hofman, Iqbal, 16]

Jµν = F̃µν = 1
2εµνρσFρσ

conserved “2-current”

Conservation # of magnetic lines!

See also [Landry, Liu, 22] for equivalent

Schwinger-Keldysh derivation
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Hydro, again
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•

X X

# magnetic lines: 2

# electric lines:0

Particle
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ρ̂: Tr
(

e
1
T

(
uµPµ−µhiΦ

i
))

Φk = 1
2

∫
Bkεkijdxidxj (no k-sum)

uµ = (1− v2)−1/2(1, v)
Medium velocity

hµ = (1− h2)−1/2(0, h)

Direction along field lines

Cons. law: ∂µTµν = 0

∂µJµν = 0
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Same game as before!

For instance:

Tideal
µν = (ε+ p)uµuν + pηµν + αhµhν

Jideal
µν = β (hµuν − hνuµ)
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For instance:

Tideal
µν = (ε+ p)uµuν + pηµν + αhµhν

Jideal
µν = β (hµuν − hνuµ)
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• Valid at all coupling

• Reduce to standard MHD at weak
coupling

• Eideal
µ = εµνρσuν Jρσ = 0

automatically!

• Fundamental transport:
resistivity r not conductivity σ
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Retarded propagator:

GO
R (x, t) = θ(t)〈[O(x, t)O(0, 0)]〉

Kubo formula:

r = lim
ω→0

1
ω

1
3

3∑
i=1

Im
(

GEi
R (k = 0, ω)

)
σ = lim

ω→0

1
ω

1
3

3∑
i=1

Im
(

Gjel
i
R (k = 0, ω)

)

r = lim
ω→0

1
ω

1
3

3∑
i=1

Im
(

GEi
R (k = 0, ω)

)
σ = lim

ω→0

1
ω

1
3

3∑
i=1

Im
(

Gjel
i
R (k = 0, ω)

)



Key points r vs σ

Adrien Florio, Le Studium, 05.07.23

• Valid at all coupling

• Reduce to standard MHD at weak
coupling

• Eideal
µ = εµνρσuν Jρσ = 0

automatically!

• Fundamental transport:
resistivity r not conductivity σ

-16 17

Retarded propagator:

GO
R (x, t) = θ(t)〈[O(x, t)O(0, 0)]〉

Kubo formula:

r = lim
ω→0

1
ω

1
3

3∑
i=1

Im
(

GEi
R (k = 0, ω)

)
σ = lim

ω→0

1
ω

1
3

3∑
i=1

Im
(

Gjel
i
R (k = 0, ω)

)

r = lim
ω→0

1
ω

1
3

3∑
i=1

Im
(

GEi
R (k = 0, ω)

)
σ = lim

ω→0

1
ω

1
3

3∑
i=1

Im
(

Gjel
i
R (k = 0, ω)

)



r vs σ Recap #2
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Retarded propagator:
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• Can formulate from conservation
of magnetic fluxes

• Valid at strong coupling

• Fundamental transport:

r = lim
ω→0

1
ω

1
3

3∑
i=1

Im
(

GEi
R (k = 0, ω)
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Does it matter in practice?

Study microscopic realization!
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• Valid at strong coupling
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(

GEi
R (k = 0, ω)

)
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Scalar QED at finite T

– Non perturbative transport???

Classical scalar QED at finite T

– UV divergent

Lattice regularized

classical scalar QED at finite T

–Same hydro, what we study
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L = − 1
4FµνFµν + Dµφ

∗Dµφ− V(φ)

E.o.M.:

DµDµφ+ ∂V
∂φ∗ = 0

Ėi +
∑

j,k εijk∂jBk = 2e2Im (φ∗Diφ)

jel
i

Gauss law: ~∇ · ~E = jel
0

V(φ) = λ|φ|4 + m2|φ|2



Method

Adrien Florio, Le Studium, 05.07.23

L = − 1
4FµνFµν + Dµφ

∗Dµφ− V(φ)

E.o.M.:

DµDµφ+ ∂V
∂φ∗ = 0
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Solve classical E.o.M. numerically!
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GO
cl(x, t) = 〈O(x, t)O(0, 0)〉cl.

T

2T
ω Im

(
GO

R
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≈ GO

cl

Thermal equilibrium (KMS)
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Thermal equilibrium (KMS)
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Strategy:

Compute: • GE
cl(t) =

∫
dx3GE

cl(x, t)

• Gjel

cl (t) =
∫

dx3Gjel

cl (x, t)

• r =
∫∞
0

dtGE
cl(t)

• σ =
∫∞
0

dtGjel

cl (t)

Compare!
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r = 1.059± 0.032

σ = −0.0001± 0.00014 ?!
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σKubo = 0 in dynamical EM

Reason:

∂tEi(k = 0, t) = jel
i (k = 0, t)

−ω2GE
cl(k = 0, ω) = Gjel

cl (k = 0, ω)



Recap #3

Adrien Florio, Le Studium, 05.07.23

σKubo = 0 in dynamical EM

Reason:

∂tEi(k = 0, t) = jel
i (k = 0, t)

−ω2GE
cl(k = 0, ω) = Gjel

cl (k = 0, ω)

-25 26

• Study MHD of micro. model

• r finite, σKubo = 0
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• r finite, σKubo = 0
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Chiral Magnetic Effect (CME):

Constant ~B background

+

Chiral imbalance µ5

=

Magnetic current

~jCME = 1
4π2µ5

~B
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Credit: Kharzeev, Liao, Voloshin, Wang, arXiv: 1511.04050
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Constant ~B, µ0
5

Anomaly: dQ5

dt ≡ χA
dµ5

dt = 1
2π2

~E · ~B

Ohm’s (?):~jCME = σ~E

Exp. instability: µ5 = µ0
5e−Γ5t

Chiral rate: Γσ
5 = 1

8π4
1
χA

1
σ B2

[Das, Iqbal, Poovuttikul, 22]

[Landry, Liu, 22]
Γr
5 = 1

8π4
1
χA

rB2
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What happens in our micro.?

Scalar QED + massless fermions
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(*) [Figueroa, AF, Shaposhnikov, 19]:

• Same micro. theory (φ,~E, ~B)

• Effective µ5(t), χA

+ anomalous coupling

(*): Γ5/B2|e2=1 = 0.00788± 0.00004

This work: (preliminary)

Γσ
5/B2|e2=1 = ∞

Γr
5/B2|e2=1 = 0.00815± 0.00024

Perfect agreement!
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• Recover σ from micro.?

• Relevance to pheno.?
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• Fundamental transport of MHD is
resistivity not conductivity

• Exemplified in a
micro. description

• Affects chiral phyiscs

-32

[Grozdanov, Hofman, Iqbal, 16]
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(*): Γ5/B2|e2=1 = 0.00788± 0.00004

This work: (preliminary)

Γσ
5/B2|e2=1 = ∞

Γr
5/B2|e2=1 = 0.00815± 0.00024



Thanks!


