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Kerr’s solution

In 1963 Roy Kerr discovers the solution of Einstein equations describing a stationary
rotating black hole.

ds2 = −∆

Σ

(
dt − a sin2 θdϕ

)2
+

sin2 θ

Σ

[
(r2 + a2)dϕ− adt

]2
+

Σ

∆
dr2 + Σ dθ2 ,

where Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2.
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Carter’s constant

In 1968 Brandon Carter obtains the ’unexpected separation’ of the Hamilton-Jacobi
equations in Kerr-Newman and shows the existence of a fourth constant of motion
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Killing tensor
In 1970 Walker and Penrose show that Carter’s constant arises from a symmetric
Killing-Stäckel tensor∇(λKµν) = 0:

C =
1
2

Kµνpµpν ,

commutes with Hamiltonian H = 1
2 gµνpµpν .
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Floyd’s result

In his Ph.D. thesis "The Dynamics of Kerr Fields" in 1973 Floyd shows that the
Killing tensor in Kerr admits a ’square root’ in terms of a 2–form:

Kµν = fµρ fνρ .

fµν = −fνµ satisfies

∇(λfµ)ν = 0↔ ∇λ fµν = ∇[λfµν] ,

and today is called an antisymmetric Killing-Yano tensor.

Classically the vector f µνpν is parallely propagated along geodesics and squares to
Kµνpµpν .

Existence of the Killing-Yano tensor implies that spacetime must be of type D [Collinson

1974].
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Yano’s tensor

What we now call a Killing-Yano tensor was introduced by Yano in 1951 to
generalise Killing vector fields and some results on their existence.
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Separation of variables for Klein-Gordon

Again Carter in 1977 separates variables for the Klein-Gordon equation using an
operator built from the Killing-Stäckel tensor:

K̂ = DµKµνDν ,

Rµν = 0→
[
K̂,DµgµνDν

]
= 0 .
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Benenti’s theory of separation of variables

Benenti in the 70s-80s, and later with collaborators, set out a theory for the separation
of Hamilton-Jacobi equation, Schrödinger and Klein-Gordon. Also Kalnins and
Miller, Francaviglia.

Main ingredients are Killing vectors and rank-2 Killing-Stäckel tensors, mutually
compatible.

If spacetime is curved compatibility with Ricci tensor necessary. If a potential V is
present then this must also be compatible.
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Total agular momentum operator for the Dirac equation

Found by Carter and McLenaghan in 1979

Built using Floyd’s tensor.
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Similar results for the spinning particle in the ’90s
Gibbons, Rietdijk and van Holten show that the Killing-Yano tensor in Kerr also
generates symmetries in the theory of the spinning particle.
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Quantum Mechanical Result

Killing-Yano tensors of generic rank generate symmetries for the Dirac equation
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The Kerr-NUT-(A)dS solution

n ≥ 4-dimensional, rotating, with cosmological constant [Myers, Perry 1986; Gibbons, Lü, Page,

Pope 2004-2005; Chen, Lü, Pope 2006]
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Miracolous properties of Kerr persist in higher dimension

In 2007 Valeri Frolov and David Kubizňák find a Killing-Yano tensor in
Kerr-NUT-(A)dS.

Tower of [n/2] Killing tensors and [(n + 1)/2] Killing vectors. Hamilton-Jacobi
and Schrödinger equations separate [Frolov, Krtouš, Kubizňák 2007; Frolov, Krtouš, Kubizňák,

Page 2007; Krtouš, Kubizňák, Page, Vasudevan 2007]

Tower of Killing-Yano tensors [Yano 1952; Gibbons, Rietdijk, van Holten 1992; Frolov, Kubizňák

2007]. The Dirac equation separates, the spinning particle is integrable [Oota Yasui

2008; Cariglia, Krtouš, Kubizňák 2011; Cariglia, Kubizňák 2012]

Generalisation to Killing-Yano tensors with fluxes [Kubizňák, Kunduri, Yasui 2009; Houri,

Kubizňák, Warnick, Yasui 2010-2012]
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More on Kerr-NUT-(A)dS
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Higher dimensional Dirac

Separability for Dirac in Kerr-NUT-(A)dS
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Eisenhart’s result

Luther Pfahler Eisenhart (1876-1965)

Hamiltonian system with scalar potential Φ(q, t), and vector potential Ai(q, t)

H =
1
2

hij(q) (pi + eAi) (pj + eAj) + e2Φ .

Solutions t 7→ qi(t), i = 1, . . . , d, in 1 to 1 correspondence with null geodesics of
Lorentzian metric in (D + 2)-dimensions

ds2 = ĝAB dyAdyB = hij dqidqj + 2du
(
dv− Φdu + Ai dqi) .

Marco Cariglia (UFOP) Journey GARYFEST 24-03-2017 25 / 54



Eisenhart’s result

Luther Pfahler Eisenhart (1876-1965)

Hamiltonian system with scalar potential Φ(q, t), and vector potential Ai(q, t)

H =
1
2

hij(q) (pi + eAi) (pj + eAj) + e2Φ .

Solutions t 7→ qi(t), i = 1, . . . , d, in 1 to 1 correspondence with null geodesics of
Lorentzian metric in (D + 2)-dimensions
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Eisenhart’s result

Study dynamics using Lorentzian geometry and, viceversa, obtain geometrical results
from known dynamical systems.

Example: Ricc-flat spaces in (2, 2) signature with higher order Killing tensors using
Drach systems [Cariglia and Galajinsky 2015].
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Modern point of view

Christian Duval indipendently discovers the lift and applies it to non-relativistic
mechanics

Newton-Cartan structures = Newtonian spacetimes , Schrödinger &
Chronoprojective groups. Conformal automorphisms of the null structure
descend to projective transformations of the Newton-Cartan connection.
More work done: Schrödinger equation, non-relativistic electrodynamics [Duval,

Gibbons, Horváthy 1991], pp-waves, non-relativistic holography [Balasubramanian, McGreevy

2008; Son 2008; Duval, Hassaïne, Horváthy 2009; Bekaert, Morand 2013], Lorentzian distance and
minimal action [Minguzzi 2007], . . .
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Bargmann structure and conformal symmetries
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Modern point of view 2

Relation with dynamics best seen using the inverse metric .

Geodesic
Hamiltonian

H =
1
2

ĝABp̂Ap̂B =
1
2

hij (p̂i − Ai p̂v) (p̂j − Aj p̂v) + Φ p̂2
v + p̂up̂v .

p̂v = e,H = 0→ original Hamiltonian with p̂u = −H
e .

Now important objects are conformal Killing vectors and tensors:

∇̂(AK̂B) = f ĝAB ↔ {K̂Ap̂A,H} = 0 .

Exemple: Schrödinger symmetry of free particle [Duval 1982; Duval, Gibbons, Horváthy

1991; Cariglia, Gibbons, van Holten, Horváthy, Zhang 2014]

∇̂(AK̂B1...Bp) = ĝ(AB1 TB2...Bp) ↔ {K̂A1...Ap p̂A1 . . . pAp ,H} = 0 .

Exemples: Kepler problem with G(t), quantum dots, spinning tops, susy, curved
space [van Holten 2007; Horváthy, Ngome 2009; Ngome 2009; van Holten, Horváthy, Ngome 2010; Visinescu

2010 & 2011; Igata, Koike, Ishihara 2011; Gibbons, Houri, Kubizňák, Warnick 2011; Cariglia, Kubizňák 2012;

Cariglia, Gibbons, van Holten, Horváthy, Zhang 2014]

Marco Cariglia (UFOP) Journey GARYFEST 24-03-2017 29 / 54



Modern point of view 2

Relation with dynamics best seen using the inverse metric . Geodesic
Hamiltonian

H =
1
2
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∇̂(AK̂B1...Bp) = ĝ(AB1 TB2...Bp) ↔ {K̂A1...Ap p̂A1 . . . pAp ,H} = 0 .

Exemples: Kepler problem with G(t), quantum dots, spinning tops, susy, curved
space [van Holten 2007; Horváthy, Ngome 2009; Ngome 2009; van Holten, Horváthy, Ngome 2010; Visinescu

2010 & 2011; Igata, Koike, Ishihara 2011; Gibbons, Houri, Kubizňák, Warnick 2011; Cariglia, Kubizňák 2012;
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Application to non-relativistic holography
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Null lifts
In fact there are several ways to have a null lift.

Example 1:

H =
1
2

ĝABp̂Ap̂B =
1
2

hij (p̂i − Ai p̂v) (p̂j − Aj p̂v) + Φ p̂2
v − sgn(H)p̂2

T ,

with p̂2
T = |E|.

Example 2: Hamiltonian

H =
1
2

hijpipj + e2
1V1 + e2

2V2

lifts to

H =
1
2

hijp̂ip̂j + p̂2
v1

V1 + p̂u1 p̂v1 + p̂2
v2

V2 + p̂u2 p̂v2 .

I-degenerate metrics studied in [Hervik, Harr, Yamamoto 2014]

Example 3: Eisenhart lift of Toda chain [Cariglia, Gibbons 2014]
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Projective nature of null dynamics [Cariglia AOP 2015]

Summarising:

Hamiltonian H of degree 2 → H = 1
2 ĝABp̂Ap̂B null lift: non-degenerate,

in momenta indefinite, quadratic, homogeneous

∗ H defines a null conic bundle
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Projective nature of null dynamics [Cariglia AOP 2015]

Resumindo:

Hamiltonian H of degree 2 → H = 1
2 ĝABp̂Ap̂B null lift: non-degenerate,

in momenta indefinite, quadratic, homogeneous

∗ H defines a null conic bundle

∗ conic is projective since H̄ = Ω−2(y)H is null and geodesic

Metric ḡAB = Ω2(y)ĝAB has the same null geodesics, but with parameter

dλ̄ = Ω2(y(λ)) dλ ,

∗ Null projective conic↔ family of higher-d. Hamiltonians with same
non-parameterised geodesics→ dual Hamiltonians in lower d

∗ Weyl transformation

Unifying perspective: coupling-constant metamorphosis, temporal
reparameterisation, Schrödinger transformations are all projetive.
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CCM
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Projective nature of null dynamics [Cariglia AOP 2015]

Can do more. Scaling factor can depend on p:

H̄ = Ω−2(y, p)H .

H̄ will not be geodesic in general. But if it becomes geodesic after a canonical
transformation→ duality.

Example: Jacobi metric arises in this way.

Example n.2: Kepler problem projectively equivalent to null geodesic motion in
conformally-flat Minkowski space [Cariglia JGP 2016].
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Recent work

arXiv:1611.06254
Curvatronics with bilayer graphene in an effective 4D spacetime

Collaborators

Andrea Perali, 
Camerino 

Roberto Giambò, 
Camerino 
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What happens if we bend a sheet of AB stacked bilayer graphene?

Conventional answer: strain induces an effective magnetic field and Landau levels. In
particular there is always an n = 0 level and the system is not gapped.

New answer: electrons at the Dirac points feel the intrinsic curvature of the surface.
Modulating this allows opening and closing a gap: key effect of curvatronics.
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Tight binding model
In matrix form (

E −t f (~q)
−t f ∗(~q) E

)(
ψA

ψB

)
= 0 ,

f (~q) =

3∑
j=1

ei~q·~δj .
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Continuum limit: Dirac equation

Dirac points

~K =
2π
3a

(
1,

1√
3

)
, ~K′ =

2π
3a

(
1,− 1√

3

)
.

a = 0.142nm is carbon-carbon distance.

Heff =

(
0 t f (~k)

t f ∗(~k) 0

)
,

where ~q = ~k + ~K, and f (~k) = 3
2 aei π6 (kx − iky). Equivalent form

HK
eff = ~vF (σxkx + σyky) ,

HK′

eff = ~vF (−σxkx + σyky) ,

vF = 3at
2~ ∼ 106ms−1 is the Fermi velocity.

Marco Cariglia (UFOP) Journey GARYFEST 24-03-2017 42 / 54



Continuum limit: Dirac equation

Dirac points

~K =
2π
3a

(
1,

1√
3

)
, ~K′ =

2π
3a

(
1,− 1√

3

)
.

a = 0.142nm is carbon-carbon distance.

Heff =

(
0 t f (~k)

t f ∗(~k) 0

)
,

where ~q = ~k + ~K, and f (~k) = 3
2 aei π6 (kx − iky).

Equivalent form

HK
eff = ~vF (σxkx + σyky) ,

HK′

eff = ~vF (−σxkx + σyky) ,

vF = 3at
2~ ∼ 106ms−1 is the Fermi velocity.

Marco Cariglia (UFOP) Journey GARYFEST 24-03-2017 42 / 54



Continuum limit: Dirac equation

Dirac points

~K =
2π
3a

(
1,

1√
3

)
, ~K′ =

2π
3a

(
1,− 1√

3

)
.

a = 0.142nm is carbon-carbon distance.

Heff =

(
0 t f (~k)

t f ∗(~k) 0

)
,

where ~q = ~k + ~K, and f (~k) = 3
2 aei π6 (kx − iky). Equivalent form

HK
eff = ~vF (σxkx + σyky) ,

HK′

eff = ~vF (−σxkx + σyky) ,

vF = 3at
2~ ∼ 106ms−1 is the Fermi velocity.

Marco Cariglia (UFOP) Journey GARYFEST 24-03-2017 42 / 54



AB stacked bilayer graphene
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Tight-binding model

Low energy limit tight-binding model Hamiltonian of AB stacked bilayer graphene
close to the K or K′ points

HK,K′ =


0 ~vFκ 0 γ

~vFκ̄ 0 0 0
0 0 0 ~vFκ
γ 0 ~vFκ̄ 0


κ = τkx + iky wave number of the excitation.
τ = ±1 denotes Hamiltonian relative to the K or K′ point
γ ∼ 0.39eV hopping parameter between A1 and B2 sites
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Tight-binding model
Eigenvalue equation Hλ = Eλ

λ1 = 1 , λ2 =
~vFκ̄

E
, λ3 = σ

~vFκ

E
, λ4 = σ ,

where energy satisfies

E2 − |~vFκ|2 = σγE , σ = ±1 .

E(±)
i = ±

[
(−1)i γ

2
+

√
γ2

4
+ |~vFκ|2

]
, i = 1, 2.
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Tight-binding model

Expand in parameter ε = ~vF|κ|
γ

λ2 = ± γ

~vFκ
+ O (ε) , λ3 = ±σ γ

~vFκ̄
+ O (ε) , E(±)

1 bands

Then for τ = 1

χ1(t) = e∓i |~vFκ|2

~γ t (λ1, σλ4)
T
,

χ2(t) = e∓i |~vFκ|2

~γ t (λ2, σλ3)
T
,

satisfy the Lévy-Leblond equations

i~ ∂tχ2 + i~vFDχ1 = 0 ,

Dχ2 − i
2mvF

~
χ1 = 0 ,

where m = ± γ
2v2

F
, D = iσjkj, σj Pauli matrices.
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Lévy-Leblond equations
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Curvatronics

Lévy-Leblond equations in curved 2D space:

(i~ ∂t − V)χ2 + i~vF

(
∇j − i

e
~

Aj

)
σjχ1 = 0 , (∗)(

∇j − i
e
~

Aj

)
σjχ2 − i

2mvF

~
χ1 = 0 , (∗∗)

V = V(x, y), Aj = Aj(x, y).
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Curvatronics

Finding χ1 in (**) and plugging into (*) gives a Schrödinger equation

(
E − gij

2m
ΠiΠj − V +

e~
2m

B− ~2

8m
R
)
χ2 = 0 .

Πj = −i~
(
∇j − i e

~Aj
)

momentum
B = (∂iAj − ∂jAi)σ

ij magnetic field
R intrinsic curvature in 2D.
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Curvatronics
Positive curvature↔ bands separate, insulating
Negative curvature↔ bands overlap, metallic
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Curvatronics

Model is valid for small changes in energy.

Curvature term contribution is small if R << γ2

~2v2
F
.

For constant curvature |R| = 2
l2R

this is lR >> 1.6nm. Deformations are smooth on the
scale of the hexagonal lattice.

Experimental values can be measured for example with ARPES, EA = 10−3eV .
Ecurv ≥ EA ↔ lR ≤ 23nm, well within typical curvature scale in graphene systems.
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Congratulations Gary!
And thank you.
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