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• England & McKenzie, 1982:

A thin viscous sheet model for continental deformation (TSA)

• 1983: Correction to - a thin viscous sheet model for continental 

deformation

• Medvedev & Podladchikov, 1999:

New extended thin-sheet approximation for geodynamic 

applications (ETSA)

Notes on thin sheet approximation 

for continental deformations



• Thin sheet approximations in geodynamics: TSA and 

ETSA

• What is thin-sheet approximation?

• thin lithospheric sheet; 

• thin-sheet equations; 

• thin-sheet approximation

• Characteristic stresses in the lithosphere

Notes on thin sheet approximation 

for continental deformations



Thin sheets in geodynamics

e =H/L<<1



Existing thin sheet approximations

TSA: Constant velocity and no boundary shear 
(England and McKenzie 1982)

horizontal stresses equilibrate with gravity forces



Existing thin sheet approximations

PS:

Houseman & England, 1993

India

Asia



Disadvantages:

 Restrictions in 

boundary conditions

 Restrictions in internal 

rheological stratification

 Accuracy, 

oversimplifications

Existing thin sheet 

approximations



Fundamental rebuilding

Generality:

– Instead of specifications of boundary conditions -

relations between internal and external stresses 

and velocities 

Accuracy:

– Increasing the accuracy by keeping more terms 

in approximations

New approach: ETSA



Aims:

 Variety of driving forces

 Controlled by rheology 

(assuming large variations of 

rheology, order of e )

Scaling assumption:

 Small geometric parameter

e = H*/L*<<1

ETSA



Closed system of ETSA:

 Set of 2D equations of 

integrated balance of forces and 

moments in the thin sheet

 Rules for reconstruction of 3D 

stresses and velocities

ETSA





Is it worth it?



 Applicability:

 Generality:

Comparison with previous 

approximations:

Simplifications + specified 

boundary conditions                 

= existing approximations

Tests of ETSA



 Applicability

 Generality

 2D (cross sectional) 

analytical tests

Tests of ETSA



 Ability in handling strong 

competence contrast

 Rayleigh-Taylor instability

2D tests of ETSA



 Ability in handling strong 

competence contrast

 Rayleigh-Taylor instability

 Small perturbations

 Comparison with exact 

solutions

2D tests of ETSA



2D tests of ETSA, Rayleigh-Taylor instability

spectra



10-15 refs of the same type, “The approach we used in our 

study does not work, most probably we should use ETSA”

 People try to derive some of new equations for advanced 

thin-sheet approximation. Usual answer, it was already 

considered in ETSA, but impossible to find…

 Special type of analytical study, where man cannot handle 

equations, should use computer for analytical derivations

 Help me appreciate simple approaches

Come back to simple! Being as simple as possible

History (fate?) of ETSA



General thin-sheet approximation:

 Not planned to be used for modelling Rayleigh-Taylor 

instability

 Ability for analytical estimations

 Ability for rheology-independent estimations

 Simple numerical estimations

New look at TSA:

 What is thin-sheet approximation?

 How accurate is it? 

 ETSA helps: more accurate derivation, not starting from 

simplifications

Thin sheet approximation: back to simple



The thin sheet approximation

England & McKenzie:

• 1982: A thin viscous sheet model for continental deformation

• 1983: Correction to - a thin viscous sheet model for continental 

deformation

• Lithosphere scale

• Utilizes weakness of 

asthenosphere

• Used in many 

applications

• Overpressure



What is thin sheet approximation?

Schmalholtz et al, 2014



What is thin sheet approximation?

1. What is thin lithospheric sheet?

2. General thin-sheet force balance

3. Lithospheric thin-sheet force balance

4. Thin-sheet approximations



What is thin lithospheric sheet?

• Lithosphere scale

• Utilizes weakness of 

asthenosphere

Stress-free up

Constant depth compensation level: 

deviatoric stress = 0

(non-material bottom)

100 – 200 km

1. “Thin-sheet lithosphere” (≠ lithosphere)



What is thin lithospheric sheet?

• Lithosphere scale

• Utilizes weakness of 

asthenosphere

Constant depth compensation level: 

deviatoric stress = 0

viscosity/strength/stress

1. “Thin-sheet lithosphere” (≠ lithosphere)

2. Thin sheet assumes uneven distribution 

of strength with depth (≠ averaging)

Stress-free up
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Change order with differentiation
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General thin-sheet equation 



Lithospheric thin sheet force balance
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Lithospheric thin sheet force balance

0xx xz

x z

  
 

 

2/3D momentum balance

Assumptions (x-proj):

1.

2. Stress-free top

3. Weak base

4. No shear stress
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Lithospheric thin sheet force balance
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Lithospheric thin-sheet equations 
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Lithospheric thin sheet force balance

System of thin-sheet equations 
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Lithospheric thin sheet force balance

Thin-sheet equations Thin-sheet approximation
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Lithospheric thin sheet force balance

Thin-sheet equations Thin-sheet approximation
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Thin sheet equations
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• Thin sheet equations are correct while 

estimating results of fully-numerical 

calculations 

• The equations are more precise for larger 

strength contrast (top/bottom)

• Gives us a tool for rheology-independent 

estimations

• Even if asthenosphere would be inviscid, 

the local isostasy may be violated



Characteristic stresses
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Can these equations help us to 

estimate amplitude of stresses? 



Characteristic stresses
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Earthquake-based 
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drop) ~10 MPa in 
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Characteristic stresses

Effective rheological 

thickness (ERT):

ERT= 35 – 45 km

Characteristic stress: 

35 – 50 MPa
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Bending stresses

Characteristic stress: 35 – 50 MPa

Strong crust Weak crust: 

huge stresses in the 

subcrustal lithosphere



Bending stresses
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Schmalholtz & 

Mantkelow, 2016
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Characteristic stresses

• Thin sheet approximation helps us to estimate 

characteristic stresses, even if they are dominated 

by bending moments

• The estimations presented are independent or 

weakly dependent on rheology

• ERT is so far qualitative measure of stress-

bearing layer thickness

• w has rheologically loaded equation, but 

fortunately results are low dependent on w

• Thin sheet approximation is a useful tool and can 

be augmented or simplifyed


