
Settling velocities definition for global mass conservation of
polydisperse sedimentation models

E.D. Fernández-Nieto

Universidad de Sevilla
http://personal.us.es/edofer

A joint work with R. Bürger and V. Osores (U. Concepción, Chile)

................................................................................................
Balance laws in fluid mechanics, geophysics, biology

(theory, computation and application)
Orleans 2018

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 1 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 2 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 3 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 4 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 5 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 6 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 7 / 43



Polydisperse sedimentation

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 8 / 43



Some related references

Morales de Luna, T.; Fernández-Nieto, E. D.; Castro Dı́az, M. J. Derivation of a multilayer
approach to model suspended sediment transport: application to hyperpycnal and hypopycnal
plumes. Commun. Comput. Phys. 22 (2017), no. 5, 1439–1485.
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N sediment species with density ρj and size dj

φj : volumetric concentration j = 1, . . . ,N

φ =

N∑
j=1

φj, φ0 = 1− φ, and Φ = (φ0, φ1, . . . , φN)

ρ(Φ) =
N∑

j=0

ρjφj
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vj = (uj,wj), j = 0, 1, . . . ,N,

Averaged velocity

v̄ =
N∑

j=0

φjvj

Relative/slip velocity

∆vj = vj − v0, j = 1, . . . ,N
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Local mass balance equations

Global mass conservation:
∂tρ+∇ · (ρv) = 0.

The N solid species and the fluid satisfy,

∂t(ρjφj)+∇·(ρjφjvj) = 0

Then,
∂tφj +∇ · (φjvj) = 0, j = 0, 1, . . . ,N,

Sum of all equations:

∇ · v̄ = 0
(

v̄ =
N∑

j=0

φjvj

)

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 12 / 43



Local mass balance equations

Global mass conservation:
∂tρ+∇ · (ρv) = 0.

The N solid species and the fluid satisfy,

∂t(ρjφj)+∇·(ρjφjvj) = 0

Then,
∂tφj +∇ · (φjvj) = 0, j = 0, 1, . . . ,N,

Sum of all equations:

∇ · v̄ = 0
(

v̄ =
N∑

j=0

φjvj

)

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 12 / 43



MLB model

∂tφj +∇ · (φjvj) = 0, i = 0, 1, . . . ,M,

Sherman-Morrison formula

∆vj =
φ

αj(Φ)

[
(ρj − ρ(Φ))g~k +

σe(φ)

φj
∇
(
φj

φ

)
+

1− φ
φ
∇σe(φ)

]

σe(φ) = 0 if φ < φc (effective solid stress).
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MLB model

∂tφj +∇ ·

(
φj∆vj + φjv̄− φj

N∑
k=1

φk∆vk

)
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MLB model

Masliyah-Lockett-Bassoon

φ

αj(Φ)
= −d2

j
V(Φ)

18µf

µf viscosity of pure fluid

V(Φ) = (1− φ)n−2, (n > 2) hindered settling factor
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MLB Model

Masliyah-Lockett-Bassoon
If we consider the case φ < φc then σe = 0. Then it can be written as follows:

∆vj = µδjV(φ)(ρj −
N∑

k=1

ρkφk)~k

Where:

V(φ) = (1− φ)n−2, n > 2.

ρj = ρj − ρ0

µ = −g
d2

1

18µf

δj =
d2

j

d2
1

for j = 1, . . . ,N,
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MLB Model

Finally, as

φjvj = φj∆vj + φjv̄− φj

N∑
k=1

φk∆vk

we can write
φjvj = fj(Φ)~k + φjv̄

where

fj(φ) = µV(φ)φj

(
δj(ρj −

N∑
k=1

ρjφj)−
N∑

l=1

δlφl

(
ρl −

N∑
k=1

ρkφk

))
.
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MLB model for a one-dimensional closed vessel

∂tφj + ∂z(fj(φ)) = 0, j = 1, . . . ,N

fj(φ) = φjµV(φ)

(
δj(ρ̄j − ρ̄TΦ)−

N∑
k=1

φkδk(ρ̄k − ρ̄TΦ)

)
, j = 1, . . . ,N.
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Global mass conservation of MLB model

Continuity equation for each specie
(

v̄ = (ū, w̄)

)
:

∂tφj + ∂x(φjū) + ∂z(φiw̄ + fi(φ)) = 0, j = 1, . . . ,N

with
divv̄ = 0

Mass conservation
We cannot conclude from this definition of MLB model the global mass conservation

∂tρ+∇ · (ρv) = 0.

Because of the definition of the averaged velocity

v̄ =
N∑

j=0

φjvj.
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∂tφj + ∂x(φjū) + ∂z(φiw̄ + fi(φ)) = 0, j = 1, . . . ,N

with
divv̄ = 0

Mass conservation
We cannot conclude from this definition of MLB model the global mass conservation

∂tρ+∇ · (ρv) = 0.

Because of the definition of the averaged velocity

v̄ =
N∑

j=0

φjvj.

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 18 / 43



Modified MLB model

Mass average velocity
We consider the mass average velocity of the mixture

v̄ :=
1
ρ

N∑
j=0

ρjφjvj =
1
ρ

[(
ρ−

N∑
j=1

ρjφj

)
v0 +

N∑
k=1

ρkφkvk

]
,

which satisfies the global mass balance of the mixture

∂tρ+∇ · (ρv) = 0. (1)
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Modified MLB model

Defining the slip velocities

∆vj := vj − v0

and

λj :=
ρjφj

ρ
for j = 1, . . . ,N,

we derive the identity

φjvj = φj
(
∆vj + v̄− (λ1∆v1 + · · ·+ λN∆vN)

)
, j = 1, . . . ,N; (2)
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Modified MLB

By following the steps that in the deduction of MLB model we get

φjvj = f M
j (Φ)k + φjv̄ for j = 1, . . . ,N,

where

f M
j (Φ) := φjvMLB

j = φjµV(φ)

(
δj(ρ̄j − ρ̄TΦ)−

N∑
k=1

λkδk(ρ̄k − ρ̄TΦ)

)
, j = 1, . . . ,N. (3)

Finally, the continuity equation can be written as

∂tφj +∇ ·
(
φjv̄ + f M

j (Φ)k
)

= 0, j = 1, . . . ,N.

what implies the global mass conservation.
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Influence on the vertical velocity of the fluid

Note that the vertical velocities of particles satisfy

ρjφjwj = ρjφjw + ρjf M
j (Φ),

moreover we have the identity

N∑
j=1

λjwj = (1− λ0)w +
1
ρ

N∑
j=1

ρjf M
j

that can be rearranged as

λ0w0 = λ0w− 1
ρ

N∑
j=1

ρjf M
j .

That is,

ρ0φ0w0 = ρ0φ0v̄−
N∑

j=1

ρjf M
j (Φ).
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Final form of the model equations

With φjvj = φjv̄ + f M
j (Φ)~k,

∂t(ρjφj) +∇ · (ρjφjvj) = 0, j = 1,N,

∂t(ρjφjvj) +∇ · (ρjφjvj ⊗ vj) = ∇ · Tj − φjρg~k, j = 0, . . . ,N.

Summing up from 0 to N the momentum balance equations,

∂t

(
N∑

j=0

ρjφj

)
+∇ ·

(
N∑

j=0

ρjφjvj

)
= 0.

∂t

(
N∑

j=0

ρjφjvj

)
+∇ ·

(
N∑

j=0

ρjφjvj ⊗ vj

)
= ∇ · T − ρg~k,

with T =
∑N

j=0 Tj.
Then,

(∗) ⇒ ∂tρ+∇ · (ρv̄) = 0

(∗∗) ⇒ ∂t(ρv̄) +∇ · (ρv̄⊗ v̄) = ∇·Σ− ρg~k,

with Σ := T −
∑N

j=0 ρjφj(vj − v̄)⊗ (vj − v̄).
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A multilayer approach

h1(x, t)

h2(x, t)

...

...

hM−1(x, t)

hM(x, t)

z1/2

z3/2

zM+1/2

zM−1/2

z5/2

...

...

~u1(x, t)

~u2(x, t)

...

...

~uM−1(x, t)

~uM(x, t)

z

x

zB(x)

Figure: Model problem.
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A multilayer approach

Definition (Weak solution)
Assume~v1, . . . ,~vN , p, and φ1, . . . , φN are smooth in each Ωα(t). Then
~y := (~v1, . . . ,~vN , φ1, . . . , φN , p) is a weak solution if:

(i) ~y is a standard weak soln in each Ωα(t),

(ii) normal flux jump conditions across each Γα+1/2(t) are satisfied:[[
(ρjφj; ρjφj~vj)

]]
t,α+1/2

· ~nt,α+1/2 = 0 for all j = 1, . . . ,N,

[[(
N∑

l=0

ρlφl~vl;

N∑
l=0

ρlφl~vl ⊗~vl − T

)]]
t,α+1/2

· ~nt,α+1/2 = 0.

E. Audusse, M. Bristeau, B. Perthame, J. Sainte-Marie. A multilayer Saint-Venant system
with mass exchanges for shallow water flows. derivation and numerical validation. ESAIM:
Mathematical Modelling and Numerical Analysis, 45 (2011) 169–200.

E.D. Fernández-Nieto, E.H. Koné, T. Chacón-Rebollo, A multilayer method for the
hydrostatic Navier-Stokes equations: a particular weak solution, J. Sci. Comput. 60 (2014), pp.
408–437.
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Multilayer approach

Assume that hα = lαh for α = 1,M, lα > 0, l1 + · · ·+ lM = 1.

Define for α = 1,M
rj,α := ρjφj,αh, j = 0,N; qα := ρ̄αhuα, mα := ρ̄αh.

Governing model, final form (α = 1,M, j = 1,N):

∂tmα+∂xqα=(Gα+1/2−Gα−1/2)/lα, ⇒ ∂tm̄+∂x
( M∑
α=1

lαqα
)

= 0.

∂trj,α+∂x

(
rj,αqα

mα

)
=

1
lα

(
φ̃j,α+1/2Gα+1/2−φ̃j,α−1/2Gα−1/2

)
− ρj

lα
∆α f̃j,α+1/2,

∂tqα+∂x

(
q2
α

mα
+h
(

g
2

lαmα+g
M∑

β=α+1

lβmβ

))
=g

M∑
β=α+1

lβmβ∂xh−gmα∂xzb

− gmαLα−1∂xh+
(
ũα+1/2Gα+1/2 − ũα−1/2Gα−1/2

)
/lα.

Compact form

∂t~w+∂xF(~w)=S(~w, ∂x(~w))+G(~w, ∂x(~w)), (4)

~w = (m̄, {qα}M
α=1, r11, . . . , rN1, . . . , r1,α, . . . , rN,α, r1,M , . . . , rN,M).
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Transference terms

Gj,α+1/2 = φ̃j,α+1/2Gα+1/2 − ρj f̃j,α+1/2,

φ̃j,α+1/2 =
1
2

(
ρjφj,α+1

ρ̄α+1
+
ρjφj,α

ρ̄α

)
, f̃j,α+1/2 =

1
2
(
f +j,α+1/2 + f−j,α+1/2

)
.

We get the equality

Gα+1/2 = (1− Lα)G1/2 + LαGM+1/2

+
2ρ̄αρ̄α+1

ρ0(ρ̄α+1 + ρ̄α)

(
(1− Lα)

α∑
β=1

lβ

(
∂xqβ −

N∑
j=1

∂x(rj,βuβ)
ρj − ρ0

ρj

)

− Lα
M∑

γ=α+1

lγ

(
∂xqγ −

N∑
j=1

∂x(rj,γuγ)
ρj − ρ0

ρj

)
+ ρ0

N∑
j=0

f̃j,α+1/2

)
.

Notation: Rβ := qβ −
∑N

j=1 rjβuβ
ρj−ρ0
ρj

, R̄ :=
∑M
β=1 lβRβ . We obtain:

ρ0(ρ̄α+1 + ρ̄α)

ρ̄αρ̄α+1
Gα+1/2 −

ρ0(ρ̄α + ρ̄α−1)

ρ̄αρ̄α−1
Gα−1/2 = lα∂x(Rα − R̄) + ρ0

N∑
j=0

(
f̃j,α+1/2 − f̃j,α−1/2

)
.
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Vertical velocity

Vertical velocity of the mixture
Let α ∈ {1, . . . ,M}. Integrating mass balance eqns over (zα−1/2, z).

Using the horizontal velocities, the averaged vertical velocities are computed sucessively
↑:

w+
1/2 = ∂tzB + ~u1 · ∇xzB − G1/2/ρ1.

Then, for α = 1, . . . ,M and z ∈ (zα−1/2, zα+1/2), we set

wα(t, x, z) = w+
α−1/2 −

1
ρα

(
∂tρα +∇x · (ρα~uα)

)
(z− zα−1/2)

w−α+1/2 = w+
α−1/2 −

hα
ρα

(
∂tρα +∇x · (ρα~uα)

)
,

w+
α+1/2 =

1
ρα+1

(
(ρα+1 − ρα)∂tzα+1/2

+ (ρα+1~uα+1 − ρα~uα) · ∇xzα+1/2 + ραw−α+1/2

)
.
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Vertical velocity

Vertical velocity of the mixture

h1(x, t)

h2(x, t)

hM−1(x, t)

hM (x, t)

z1/2

zM+1/2

zM−1/2

...

z

x

zα+1/2

...

w+
1/2

wα(t, x, z) = w+
α−1/2 +

1
ρα

(∂tρα + ∂x(ραuα))(z − zα−1/2)

zα−1/2

w+
α−1/2

w−
α+1/2

wα(t, x, z)
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Compact form and eigenvalues

Governing model, compact form :
∂t ~W+A(~W)∂x ~W = G,

w̃ = ({mα}M
α=1, {qα}M

α=1, r11, . . . , rN1, . . . , r1,M , . . . , rN,M),

~W = (w̃,H),

A(w̃) = ∂w̃P(w̃) + B(w̃),A(w̃) =

(
A(w̃) S(w̃)

0 0

)
.

Non conservative productsA(~W)~Wx. Solutions may develop discontinuities and the concept of weak
solution in the sense of distributions cannot be used.

G. Dal Maso, P.G. Le Floch, F. Murat, Definition and weak stability of nonconservative products, J. Maths. Pures Appl. 74 (1995), 483–548.

Eigenvalues of A

Theorem

If λk for k = 1, . . . , 2M + NM denote the eigenvalues of A and these are real, then
ū−Ψ ≤ λk ≤ ū + Ψ for all k = 1, . . . , 2M + NM, where

ū :=
1
M

M∑
β=1

uβ , Ψ:=

√
2M−1

2M

(
2

M∑
i=1

(ui − ū)2+ghρ−1
0

(
ρ0 +

1
M

M∑
β=1

(2β−1)ρ̄β

))1/2

.
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Numerical scheme

If we denote the vector of unknowns as

w = (m̄, q1, . . . , qM, r1,1, . . . , rN,1, . . . , r1,α, . . . , rN,α, . . . , r1,M, . . . , rN,M)T,

the system can be written as

∂tw + ∂xF(w) = S(w, ∂xw) + G(w, ∂xw),

F(w), S(w, ∂xw) and G(w, ∂xw) are vectors of dimension M(N + 1) + 1:

F(w) =



∑M
β=1 lβFmβ

F q

F r,1

...
F r,M

 , S(w, ∂xw) =


0
s
0
...
0

 , G(w, ∂xw) =


0
Gq

Gr,1

...
Gr,M

 .

Where:
The first component of F(w) is defined via Fmα = qα for α = 1, . . . ,M;
moreover, F q = (Fq1 , . . . ,FqM )T, where Fqα = q2

α/mα for α = 1, . . . ,M
and

F r,α :=
qα
mα

r1,α

...
rN,α

 , α = 1, . . . ,M.

Universidad de Sevilla, http://personal.us.es/edofer . ( Universidad de Sevilla http://personal.us.es/edofer ) Orleans, 2018 30 / 43



Numerical scheme

If we denote the vector of unknowns as

w = (m̄, q1, . . . , qM, r1,1, . . . , rN,1, . . . , r1,α, . . . , rN,α, . . . , r1,M, . . . , rN,M)T,

the system can be written as

∂tw + ∂xF(w) = S(w, ∂xw) + G(w, ∂xw),

F(w), S(w, ∂xw) and G(w, ∂xw) are vectors of dimension M(N + 1) + 1:

F(w) =



∑M
β=1 lβFmβ

F q

F r,1

...
F r,M

 , S(w, ∂xw) =


0
s
0
...
0

 , G(w, ∂xw) =


0
Gq

Gr,1

...
Gr,M

 .

Where:

The components of s = (s1, . . . , sM)T defining the vector S are given by

sα := gmα∂x(zb + h) + gh2

((
lα
2

+
M∑

β=α+1

lβ

)
∂xρ̄α + ∂x

(
M∑

β=α+1

lβ(ρ̄β − ρ̄α)

))
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Numerical scheme

If we denote the vector of unknowns as
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∂tw + ∂xF(w) = S(w, ∂xw) + G(w, ∂xw),

F(w), S(w, ∂xw) and G(w, ∂xw) are vectors of dimension M(N + 1) + 1:

F(w) =



∑M
β=1 lβFmβ

F q

F r,1

...
F r,M

 , S(w, ∂xw) =


0
s
0
...
0

 , G(w, ∂xw) =


0
Gq

Gr,1

...
Gr,M

 .

Where:
The sub-vectors of G are defined by Gq = (Gq1 , . . . ,GqM ))T with

Gqα = (ũα+1/2Gα+1/2 − ũα−1/2Gα−1/2)/lα

and

Gr,α :=
1
lα

Gα+1/2Φ̃α+1/2 − Gα−1/2Φ̃α−1/2 −

 ρ1(f̃1,α+1/2 − f̃1,α−1/2)
...

ρN(f̃N,α+1/2 − f̃N,α−1/2)
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Compact form “by layer”

Since we will use the flux function of the unknowns mα to compute the flux function for the
unknown m̄, we also consider the part of the source term related to the unknowns mα, which is
defined by

Gmα := (Gα+1/2 − Gα−1/2)/lα, α = 1, . . . ,M.

We denote

wα =

(
mα
qα

)
, Fα :=

(
Fmα

Fqα

)
, Sα :=

(
0
sα

)
, Gα :=

(
Gmα

Gqα

)
, α = 1, . . . ,M.

Note that using this notation, from the definition of the global system we obtain

∂twα + ∂xFα(wα) = Sα + Gα, α = 1, . . . ,M.
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HLL-PVM-1U method

The HLL-PVM-1U method is defined by the following two coefficients,

αn
0,i+1/2 = (Sn

R,i+1/2|Sn
L,i+1/2| − Sn

L,i+1/2|Sn
R,i+1/2|)/(Sn

R,i+1/2 − Sn
L,i+1/2),

αn
1,i+1/2 = (|Sn

R,i+1/2| − |Sn
L,i+1/2|)/(Sn

R,i+1/2 − Sn
L,i+1/2).

Here the characteristic velocities Sn
L,i+1/2 and Sn

R,i+1/2 are global approximations (they are the
same for each layer) of the minimum and maximum wave speed. Taking into account previous
Theorem we set the following definition of Sn

L,i+1/2 and Sn
R,i+1/2,

Sn
L,i+1/2 = ūn

i+1/2 −Ψn
i+1/2, Sn

R,i+1/2 = ūn
i+1/2 + Ψn

i+1/2, (5)

where

ūn
i+1/2 :=

1
M

M∑
β=1

un
β,i+1/2,

Ψn
i+1/2 :=

2M − 1√
2M(2M − 1)

(
2

M∑
β=1

(ūn
i+1/2−un

i+1/2)
2+

ghn
i+1/2

ρ0

(
ρ0+

1
M

M∑
β=1

(2β−1)ρ̄n
β,i+1/2

))1/2

,

where M is the number of layers.
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HLL-PVM-1U method

The HLL-PVM-1U method proposed can be written as

wn+1
α,i = wn

α,i −
∆t
∆x
(
F̃ n
α,i+1/2 − F̃ n

α,i−1/2
)

+ ∆tSn
α,i + ∆tGn

α,i,

where here the numerical flux is given by F̃ n
α,i+1/2 = (F̃mα,n

i+1/2, F̃
qα,n
i+1/2)

T,

F̃ n
α,i+1/2 =

1
2

(
Fα

(
wn
α,i+1

)
+ Fα

(
wn
α,i
))
− 1

2

(
αn

0,i+1/2
(
wn
α,i+1 − wn

α,i + Cn
α,i+1/2 + Sn

α,i+1/2
)

+ αn
1,i+1/2

(
Fα(wn

α,i+1)−Fα

(
wn
α,i
)

+ Sn
α,i+1/2

))
,

where

Cn
α,i+1/2 =

 ρ̄n
α,i+1 + ρ̄n

α,i

2
(zi+1 − zi)

0

 , Sn
α,i+1/2 = g

(
0

sn
α,i+1/2

)
,

sn
α,i+1/2 =

1
2

(
(mn

i+1 + mn
i )(η

n
i+1 − ηn

i ) + (h2,n
i+1 + h2,n

i )

(
lα
2

+

M∑
β=α+1

lβ

)
(ρ̄n
α,i+1 − ρ̄n

α,i)

+ (hn
i+1 + hn

i )
M∑

β=α+1

lβ
(
(ρ̄n
β,i+1 − ρ̄n

α,i+1)hn
i+1 − (ρ̄n

β,i − ρ̄n
α,i)hn

i
))
,

and Gn
α,i =

(
Gmα,n

i
Gqα,n

i

)
.
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HLL-PVM-1U method

Since the solid concentrations are passive scalars in the system, i.e. F rj,α = (rj,α/mα)Fmα , we
use the following upwinding formula to compute the numerical flux relative to rn

j,α:

F̃ rj,α,n
i+1/2 =

{
(rn

j,α,i/mn
α,i)F̃mα,n

i+1/2 if F̃mα,n
i+1/2 > 0,

(rn
j,α,i+1/mn

α,i+1)F̃mα,n
i+1/2 otherwise,

j = 1, . . . ,N.
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HLL-PVM-1U method

Finally, the numerical scheme to approximate the unknowns of the problem is defined as
follows:

m̄n+1
i = m̄n

i −
∆t
∆x

M∑
β=1

lβF̃
mβ ,n
i+1/2,

qn+1
α,i = qn

α,i −
∆t
∆x
(
F̃qα,n

i+1/2 − F̃
qα,n
i−1/2

)
+

∆t
2

(sn
α,i+1/2 + sn

α,i−1/2) + ∆tGqα,n
i ,

rn+1
j,α,i = rn

j,α,i −
∆t
∆x
(
F̃ rj,α,n

i+1/2 − F̃
rj,α,n
i−1/2

)
+ ∆tGrj,α,n

i ,

with

Grj,α,n
i =

1
lα

(
φ̄n

j,α+1/2,iG
n
α+1/2,i − φ̄n

j,α−1/2,iG
n
α−1/2,i

)
− ρj

lα

(
f̂ n
j,α+1/2,i+1/2 − f̂ n

j,α−1/2,i+1/2
)
.
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Test 1: 1D vertical sedimentation

Numerical tests:

g = 9.8 m/s2 (acceleration of gravity), φmax = 0.68, nRZ = 4.7, µ0 = 0.02416 Pa s,
ρ0 = 1208 kg/m3, ρ1 = · · · = ρN = 2790 kg/m3.

CFL cond to determine ∆t in each iteration:

∆t
∆x

max
1≤i≤C

max{|SR,i+1/2|, |SL,i+1/2|} = CFL,

where SR,i+1/2 and SL,i+1/2 are the bounds of eigenvalues, CFL = 0.5.

Test 1: 1D vertical sedimentation, N = 3

d1 = 4.96× 10−4 m, d2 = 3.25× 10−4 m, d3 = 10−4 m, h = 0.3 m, M = 50,
φ1(t = 0) = 0.1, φ2(t = 0) = 0.05, φ3(t = 0) = 0.09
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(a) t = 0 s
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(b) t = 50 s
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(c) t = 150 s
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(d) t = 1000 s
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Figure: Test1: 1D vertical sedimentation.



Test 2: channel with inclined bottom

Test 2

channel of length L = 1 m, N = 2, ρ0 = 1208 kg/m3, d1 = 4.96× 10−4 m,
d2 = 1.25× 10−4 m,

zB(x) = −0.1x + 0.1 m x ∈ [0, L].

Initial condition

φ1,α(0, x) = 0, φ2,α(0, x) = 0, uα(0, x) = 0,

and for the height h(t = 0) = 0.3− zB.

boundary condition: linear horizontal velocity, average 0.15 m/s,
u(z)|x=0 = 0.133z + 0.128 m/s,

M∑
α=1

φ1,α|x=0 = 0.05,
M∑
α=1

φ2,α|x=0 = 0.025.

right bound: homogeneous Neumann condition, M = 10 layers
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(a) Concentration by layers φ1,α, t = 0 s, t = 15 s (b) Concentration by layers φ2,α, t = 0 s, t = 15 s

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.31e-03

8.61e-03

1.29e-02

0.00e+00

1.72e-02

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

4.31e-03

8.61e-03

1.29e-02

0.00e+00

1.72e-02

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

6.78e-04

1.36e-03

2.03e-03

0.00e+00

2.71e-03

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

6.78e-04

1.36e-03

2.03e-03

0.00e+00

2.71e-03

η

η

x [m] x [m]

η

η

(c) Concentration by layers φ1,α, t = 50 s, t = 100 s (d) Concentration by layers φ2,α, t = 50 s, t = 100 s
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Figure: Test2: Imposed velocity.



(a) Sum of solid concentrations t = 0 s (b) Sum of solid concentrations t = 10 s
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(c) Sum of solid concentrations t = 20 s (d) Sum of solid concentrations t = 30 s
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(e) Sum of solid concentrations t = 50 s (f) Sum of solid concentrations t = 100 s
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Figure: Test2: Concentration by color by φT =φ1 +φ2, η(x)= zB(x)+h(x) m. .



(a) Velocity field ~u, t = 5 s (b) Velocity field ~u, t = 10 s
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(c) Velocity field ~u, t = 15 s (d) Velocity field ~u, t = 20 s
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(e) Velocity field ~u, t = 30 s (f) Velocity field ~u, t = 50 s
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Figure: Test2: Magnitude of the velocity field~u.



Test 3: bump and recirculation

Test 3

Same mixture as before. The bottom elevation is given by

zB(x) = 0.2 exp(−40(x− 0.5)2), x ∈ [0, L],

and the initial condition for this test is given by

M∑
α=1

φ1,α(0, x) = 0.05,
M∑
α=1

φ2,α(0, x) = 0.025,

uα(0, x) = 0 for all α = 1, . . . ,M, for all x ∈ [0, L],

zero-flux boundary conditions, M = 10 layers, 150 horizontal cells
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(a) Concentration by layers φ1,α, t = 0 s (b) Concentration by layers φ2,α, t = 0 s
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(c) Concentration by layers φ1,α, t = 20 s (d) Concentration by layers φ2,α, t = 20 s
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(e) Concentration by layers φ1,α, t = 1000 s (f) Concentration by layers φ2,α, t = 1000 s
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Figure: Test3: Concentration of φ1 and φ2 by color in a domain with a bump, η(x) = zB(x) + h(x) m.



(a) Sum of the solid concentrations, t = 0 s (b) Sum of the solid concentrations, t = 20 s
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(c) Sum of the solid concentrations, t = 50 s (d) Sum of the solid concentrations, t = 100 s
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(e) Sum of the solid concentrations, t = 500 s (f) Sum of the solid concentrations, t = 1000 s
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Figure: Test3: Concentration by color by φT = φ1 + φ2, η(x) = zB(x) + h(x) m.



(a) Velocity field ~u, t = 0 s (b) Velocity field ~u, t = 5 s
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Figure: Test3: Velocity field~u over concentration φ1, η(x) = zB(x) + h(x) m.



Concluding remarks

Concluding remarks

ML SW model can be used for simulations in industrial applications, but is especially
suitable for natural geophysical processes such as sediment transport and polydisperse
sedimentation in rivers and estuaries.

Model provides the velocity field of the mixture, the concentrations of the each solid
species, and the evolution of the free surface.

Currently implementing an extension of the scheme to two horizontal space dimensions,
including viscous and compression terms.

Simulating further scenarios such as gravity currents of interest.

Thanks for your attention.
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