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Entanglement: a crossroad of interests

‘j Quantum Information
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Entanglement Entropy (EE), EH & Contour for EE

[0 Quantum system in its ground state: p = |W) (V|
Factorised Hilbert space H = Ha ® Hp

[0 A’s reduced density matrix [,0 Aa="Tr Bp)

e.g.: spatial bipartition

(normalisation: Trpsq = 1)

[0 Entanglement Entropy (EE) Sa4 = —Tra(palogpa) = — (9nT1"A(,0Z)’n:1

[ pA X e~ Ka ] Entanglement Hamiltonian (EH) K 4

[ Sa = Z sa(i) ] Contour function for the EE s4(7)

sa(i7) >0  (and other requirements)



Outline

=3 Fntanglement Hamiltonians (EH) in CFT
[Cardy, E.T., (2016)]

=3 EH and contours for the EE in
< harmonic chains (HC)

< free fermions chains (FFC)

=3 (Continuum limit of the EH
of an interval in a FFC and in the HC
[Eisler, E.T., Peschel, (2019)] [Di Giulio, E.T., (2019)]

=% (lobal quantum quenches:
temporal evolutions of

0.67

0.5¢

< EH matrices
< C(Contours for the EE

=3 [nsights from CFT and
from the quasi-particle picture
[Di Giulio, Arias, E.T., (2019)]
[Surace, Tagliacozzo, E.T., (2019)]
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EH in field theories: Bisognano-Wichmann & CFT

O QFT in its ground state, A is the (right) half-space z; > 0 in R1:4~1

[ [?A:/wlToodd_lib ] t 4
A

K A 18 the generator of the Lorentz boosts L1
in the (right) Rindler wedge [Bisognano, Wichmann, (1975)]

[0 CFT,; and A is a ball of radius R t
( 0 5 =
- R —r
Ky =2 Too d*1
A 7T/A R 00 £
\_ )

The Rindler wedge can be conformally mapped

into the causal diamond of A
[Hislop, Longo, (1982)] [Casini, Huerta, Myers, (2011)]

TQQ dx

<O CFTs and A is an interval o ¢ r(f — x)
KA = 27
(ground state) 0 ¢



Mapping to the annulus: EE & Entanglement Spectrum

[Cardy, E.T., (2016)]

O

O

Reduced density matrix

\i Partition function on the annulus
\ |lw
B A B
.................. C = O N
2T /
r w ) ’
%4
Rén 1 n Zn—annulus
entr}(;pies Trpy = (Zo ) Modular parameter 7= o212 /W
L RS ) of the annulus —
( 1 boundary entropies
Forw>=1 1] ¢ (142w > b
A 12 * n * Ja + b da,b = — 10g<a7 b|0>

Entanglement Spectrum: Eigenvalues of K A

c c\ 2m? - gr Ay
[ —log Aj = 75 Wa +1log(al0)(0[8)) + (A:f' - 24) W4 +O(e) ] [ g A ]

A conformal dimensions (primaries and descendants) of the BCFT




Mapping to the annulus: Entanglement Hamiltonian

[0 The entanglement hamiltonian K 4 is then the conformal image of

the generator of translations around the annulus in the direction of v = Im w

In the w = v + iv and z domains we have respectively

4 N &
Ka = —/ Ty du \
v=const

\ y 2m /

é -

Ky = / I'(z) dz _|_/ 1(2) dz The schwartzian term does not
c f'(z) c f'(z) contribute in the ratio in Trp’

[0 For almost all the known time-independent cases

é =

_ TOO(CC) .
Ka= [, Fiar?




Entanglement hamiltonians: time-independent cases 1

[Lauchli, (2013)] [Wong, Klich, Pando-Zayas, Vaman, (2013)] [Ohmori, Tachikawa, (2015)] [Cardy, E.T., (2016)]
[ Ground state and single interval A = (—R,+R) on the infinite line

: <

21

iy f(-R+¢) 0 (R~ o)

~—— \ ~~

14

R 2 .2
wzf(z)zlogC=log<z+ ) KA:/ARMQC Tyo () da

\, S

n 1 .
Sf4 ) — g (1 + 5) log(¢/€) + g4 + gp + corrections



Entanglement hamiltonians: time-independent cases I1

[Wong, Klich, Pando-Zayas, Vaman, (2013)] [Cardy, E.T., (2016)]

[l Ground state and
finite interval A = (—R, R) f(z) =log (

in a finite spatial circle

eQWiz/L _ 6—27‘(’iR/L
e2miR/L __ p2miz/L

[ =

L [ sin[r(R—2x)/L] sin[r(z + R)/L]
Ka=72 /A sin(27R/L) Too(z) dz

\, S

me

n 1 L . :
51(4 ) — g <1 + ﬁ) log (— sm(wé/L)) + go + gp + corrections

[0 Finite interval (—R, R) o27z/B _ ,—2mR/pB
in an .inﬁnite system f(z) = log ( e2mnR/B _ p27z/p )
at finite temperature

é =

6/ sinh[7(R — x)/0] sinh[r(x + R)/[]
sinh(2w R/ (5)

TOO (CC) dx

J

Uys

n 1 : :
S< ) — =5 (1 + ) log (ﬁ Smh(wf/ﬁ)) + go + gp + corrections



Entanglement hamiltonians: time-independent cases 111

[Cardy, E.T., (2016)]
[0 Finite interval A = (—R,0) in the half-line x < 0

1z (W
2T
/E EERREERE
\ EESSRRERE
S=F I
f(=R+¢) 0
W
(n) C 1
Sy =7 1+E log(2R/€) + go +gp + - ..

Now we may have g, # gp

=P Affleck-Ludwig boundary entropy [Affleck, Ludwig, (1991)]



EH: harmonic chains (HC) & free fermions chains (FFC)

[0 Harmonic chain P ( 1 5, mw? 5, kK, A 2) . (q)
H = o Pi i T 5 (Gt — G 7=
(periodic b.c.) — \2m P 2 BTy (@i~ ) p
r “
S SR ([ M E ([ Q@ R
KA—§THAT HA:(Et N) "}/A:(Rt P)
\ J

Gaussianity and Wick theorem allow to write the EH matrix H 4

in terms of the reduced covariance matrix y4 = Re(# #")|4
[Peschel, (2003)] [Casini, Huerta, (2009)] [Banchi, Braunstein, Pirandola, (2015)]

+00
. . ~ 1
[0 Chain of free fermions H=— 5 Z (é;[b Cn+1 T 52;“ én)
4 )
KA—Z ”AIA thlog(C;ll—l)
L t,7=1 y

The EH matrix 7' can be written in terms of the correlation matrix C'4
restricted to the subsystem A [Peschel, (2003)]



EH of an interval in the FFC: continuum limit

N ¢
- continuum limit ~
Ka = Z 13,4 C;'rcj >  Ka =2nl | B(z) Too(x)da
1,J=1 0
For an interval A : B(x) = % (1 — %)

For the Dirac fermion :

1

Too(z) = 3 [k (@) (~10:)¢n(x) — YL (2) (~102)¢u(2) + hoc.]

[ Analysis based on discretisation of deltas [Arias, Blanco, Casini, Huerta, (2016)]

[ Standard procedure for the continuum limit (long range hopping)
T =18 ¢ = Ns = const [Eisler, E.T., Peschel, (2019)]

< Non trivial sums involving the hypergeometric functions
must be performed

< Analytic expressions for the higher derivatives (subleading)
terms have been obtained



EH of an interval in the FFC

[Eisler, Peschel, (2017)]

[ Free fermions chain: analytic results

for the interval A when the number

of its sites diverges

_ i Ly
—h;; = lim
N—ooco N
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[ The result is written in terms of hypergeometric functions
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EH of an interval in the FFC: higher derivatives terms

[Eisler, E.T., Peschel, (2019)]

( -
- .1 ¢ . .
[ Ka=) — {ng)(x) H () + FO) () H (2) } dx
_ +JO
L m=0 y
m m—k
- (m) _ m 1 (k)
< Operators: HYY = Z (k) (_5 3:1;) %
k=0
k) —  Loos k) (k) k) — L & (k) 4o (k)
v = 2(% ) 4ot o )+h.c. v = 2(% )t o )+h.c.
© Weight F’r(rL—I_)(a:) = Om,0to(x) —|—28mZTm cos(rqps) t.(x)
functions: < r=1

Ey ) ()

\

H =0 H =0
S m=0 (+) m =1 . (=)
FO (CU) =0 H(_) = TOO Fl (.T) = 27T€B(CE)

2s™ Z r'" sin(rqps) t-(x)
r=1



EH of an interval in the FFC: finite size & finite T

[0 At finite size and finite T', we observe numerically that

1 P
p:0

(

.

~\

P2p+ 1)H;—p itpt1

J

< Periodic chain of length L

()

) =

L sin(mx/L)sin(m({ —x)/L)

WA

sin (w¢/L)

0.25 |

02 r

0.15

0.1

0.05 |

20

(/L =1/6

25

< Infinite chain at temperature 1/

B sinh (mx/B)sinh (w(¢ — z)/B)

ble) =5 sinh (7 £/8)

0.08 |
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B

0.04
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EH of an interval in the HC

[l Decomposition of the EH:

é - é -

L L
Hy = Z M; ; 4; q; Hy = Z Ni,j Di Dj

| 1,7=1 ) | 1,7=1 )

= ﬁM—FﬁN
A= 5

[0 The correlation matrices restricted to A determine the matrices M and N
[Peschel, (2003)] [Casini, Huerta, (2009)]

[ Hy=M& N = (h(v/PaQa) ® h(v/QaPa) ) (Pa® Qa) ]

es(i17)

h(y) =

1

Y

[ Scaling of the diagonals of M and N
[Di Giulio, E.T., (2019)]

. Mi,i-l-k: o . Nz’,i-l—k _ — l ' E
[3520 L MW] [LEH;O L Vk@fw] =g (4]




Ml.i+4/L

M;ji6/L

EH of an interval in the HC: diagonals of M and N

0.0 0.2 04 0.6 038 10
i+ 1)/L
0.006 ,f\
0.005 b
g %
I s L=100
0.004 § i =200
H 8 L =300
0.003 § 4 « L =400
g )
¢
0.002
0.001
0.000
0.0 02 04 0.6 0.8 10
(i+2)/L
A
0.0015 &
£3
i &
Amx
)
Lo
& %
0.0010 B od o L=100
h § L =200
i i L =300
§ i « L =400
0.0005 § 3
£ %
0.0000
0.0 02 04 0.6 0.8 10

(i+3)/L

A

0.0 0.2 0.4 0.6 038 1.0
(i+1/2)/L
0.000
~0.005
~
=
-
+
= ~0.010
-0.015
0.0 0.2 0.4 0.6 0.8 1.0
(i+3/2)/L
0.0000)
~0.0005
~0.0010 y §
= % i o L =100
T —0.0015 ?E é Li200
S Vool
~0.0020 rf; 25 :
L %
® of
-0.0025 Fr
v
~0.0030
0.2 0.4 0.6 0.8 1.0
(i+5/2)/L
0.0000 f
—0.0002 b Fi
¥od
i ~0.0004 ¥ 4 o L =100
R N L =200
ey o5 L =300
= -o.0006 Zo o2 « L =400
¥s
o4
~0.0008 g
2k
~0.0010
0.0 02 0.4 0.6 0.8 10
(i+7/2)/L

Nx,i+2/L

Niisa/L

i+6/L

N;

[Di Giulio, E.T., (2019)]

and v (xp) are well defined
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EH of an interval in the HC: continuum limit

The fields ®(x) and II(x) are introduced in the standard way ¢; — ®(z)

pi — all(x)
Also Givx —> P(xz + ka) and p;yr — all(x + ka) are needed because
long range interactions occur

The continuum limit leads to introduce particular combinations of diagonals

M]({j()) (Z) kmax kmax

] max 0 A\
M) ()= Jim =B @) 423 (e) M ()= Mig 42 ) Mig
k=1 k=1
0 NS (i) o " Emax
N (@)= Jim ey @) +2 Y m(e) NG ()= Nig+2 ) Nigga
k=1 k=1
M<2) (Z) kmax kmax
(2) o 3 kmax (2) —
wo () = Lh_)Oo = ; k% g () M (i) = ,; kM itk
2 w0 s L ke
Mé,l)cmax (z) = Lli_)rr;@ — = Z k= p2 k(T Mé e (1) = Z k? (Mis1iv14% — 2M; ik + M1 i—14%)

k=1 k=1



EH of an interval in the massless HC: continuum limit

i/L i/L



EH of an interval at the beginning of the half line
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degeneracy

Entanglement spectra for an interval: Ising chain

(a) DMRG TFI obc

(b) M5 c=1/2 CFT

(¢) DMRG TFI pbc
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[ Correspondence between
entanglement spectra
and conformal spectra :

Numerical evidences
in some spin chains

[Lauchli, (2013)]

—>» Match with the operator content of the Ising CFT on the annulus

with free boundary conditions on both sides [Cardy, (1989)]

[ Agreement with the BCFT approach (mapping to the annulus)

[Cardy, E.T., (2016)]



Entanglement spectra for an interval: massless HC

[Di Giulio, E.T., (2019)]

[l Harmonic chains
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Data compatible with Neumann b.c. imposed at the boundary

introduced around the entangling points by the regularisation procedure



(Global) Quantum quenches

[0 Quantum quench: [Calabrese, Cardy, (2005), (2007)]

O System prepared in the ground state |yg) of Hy
O At t =0 a sudden change is performed

Unitary evolution: (t)) = e Jahg) ) p(t) = | (t))(Y(t)]

[ )
Global quench Local quench
A parameter of Hy is modified Interaction modified in one point
(e.g. mass switched off) (e.g. two half-lines joined)
. J

=3 S 4(t) when H is the Hamiltonian of a CFT (SA ~ 2mct/(310) t/l< 1/2]

0.3 e 1

0.21

Sa/t

——- CFT

—— L=5000 ¢£=400
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—— L=1250 ¢=100

0.1¢

- | q’—l A | VI
| | | 1 1 | 1 | 1 | | | 1 _|—
0 0.2 0-4 0-6 0-8 4 1O Figures from [Coser, E.T., Calabrese, (2014)]




EH of a semi-infinite line after a global quench in CFT

[Cardy, E.T., (2016)]
[ Conformal symmetry and a proper analytic continuation

provides K 4 when A is a semi-infinite line after a global quench

4 )
~ 719 [ sinh(r[z +t]/70) cosh(n]z —t] /7o)
Ka = ), cosh (27t /) T(w)de
70 [ sinh(7w|z — t]/19) cosh(mw|x 4+ t|/70) =
L . cosh (27t /19) Tw) do
. W,

< The expected linear growth of S 4 is recovered.

e N
TTo Ng
21

\. J

[ Gaps in the entanglement spectrum Ga,0 >

[ This K4 provides a natural candidate for the contour function sa(x,t)



Entanglement spectrum after a global quench: Ising chain

[Surace, Tagliacozzo, E.T., (2019)]
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Entanglement spectrum after a global quench: Ising chain

[[1 Quench at the critica

I point (data for 6p = 7/8 — 0 = 7/4)

Temporal evolution of the gaps of the entanglement spectrum
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The data for the first two regimes can be explained through a BCF'T approach
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Entanglement spectrum after a global quench: Ising chain

[l Quenches between different phases (across the QCP)

ordered — disordered
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Global quenches protocols in a FFC and in the HC

[ Harmonic chain: quench of the frequency parameter wg — w
[Calabrese, Cardy, (2007)]

We mainly considered the quench having wyg =1 and w =0

[0 Free fermions chain: [Eisler, Peschel, (2007)]

the initial state is the ground state of a dimerised chain

~ 1 Rl + to, = 1
Hy=—=> tn(El éppr +60 ., ¢ { "
9 nzz_:oo n( n —n n+1 n) t2n—|—1 — (0

At ¢t = 0 the inhomogeneity is removed

N 1 I
H=—5 > (ehenir+e,,,0)

n=—oo

O (4 (t) for an interval is known analytically



Evolution of the EH matrix in the HC

/=100 wo=1 w=20 [Di Giulio, Arias, E.T., (2019)]
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Gaps in the entanglement spectrum in the HC
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Contour for EE in the HC

D Spatial structure of entanglement [Botero, Reznik, (2004)] [Chen, Vidal, (2014)]

SAIZSA(i) sa(it) =0

1€ A

< Other constraints are imposed on the contour function

<O A list of properties that provides s4(7) uniquely is not known

[0 In HC we use s4(i) constructed in [Coser, De Nobili, E.T., (2017)]
that has been compared to the weight function in the EH from CF'T
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Contours for the holographic entanglement entropy?

P 1
m(A) v(A) E.g.: AdS; ﬁ( — dt® + dz* + d$2)

[0 The Ryu-Takayanagi prescription can be reformulated in terms of flows through A
[Headrick, Freedman, (2016)] [Headrick, Hubeny, (2017)]

s

VM?J” — 0 > r 2
min |area(m(A))]
\ 1 max-cut min-flow Sp = = max V
A

|U‘ < 4G theorem | 4GN )

\

[0 A contour for the holographic entanglement entropy could be identified
with a flow maximising the flux. [E.T., (2018)]



Insights from CFT: contour for the EE
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[ A is a half-line [Cardy, E.T., (2016)]

Sh.1.(x

Fni(z,t) =

c
= — Ful.

t
J ) 6

(z,t)

27 [cosh(27t /79)]? coth(mx /7o)
7o [cosh(47t/19) + cosh(27x /T9)]

[ Naive guess when A is an interval
[Di Giulio, Arias, E.T., (2019)]

[ sao(x,t)

sn1(x,t) 4+ sp1. (6 —z,t) ]

<O Integrals of the contour function
(SEl, 372) Q A

Sao(x1,z2;t)

/ sao(x,t)dx

1




Contour for EE in the HC from quasi-particle picture
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[ By exploiting the quasi-particle picture of [Calabrese, Cardy, (2005)]

we find [Di Giulio, Arias, E.T., (2019)]

1 3 3 3
sa(x,t) = 5 [/ 5(p) dp +/ 5(p) dp] +/ $(p)dp + fo(x)
<2, |t<s C—x<2|vpy|t<t 2|vp [t>2

For the harmonic chain we used §(p) obtained in [Alba, Calabrese, (2018)]

< Also Sa(x1,72) can be written in

a similar form




Contour for EE in the HC after a global quench

[ Contour function after quantum quenches in fermionic chains
[Chen, Vidal, (2014)]

[0 Contour function in the harmonic chain after a quench wg =1 — w =0
[Di Giulio, Arias, E.T., (2019)]
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<O Same qualitative behaviour observed for fermions [Chen, Vidal, (2014)]



Integrals of the contour for EE in the HC

[Di Giulio, Arias, E.T., (2019)]
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EH matrix & contour for the EE in the FFC

[0 The EH matrix T can be written in terms of the correlation matrix Cy

restricted to the interval [Peschel, (2003)] - ~\
/ T = log(C’A(t)_l — 1)
Ko=) Tél¢ L
ij=1 Tij =Y Ui Uk
\ k=1 )

We consider the global quench of [Eisler, Peschel, (2007)]

< The matrix 1" is complex after the quench

i
[0 The contour function s4/(7) Sq = Z s((x) N, = log(1/(, — 1)
depends also on Uy k=1 - -
[Chen, Vidal, (2014)] (

( p - pk(z) = ‘(7]{7”2
Sa= )  sali) sal(i) = (2) 5(Ck) { &
! i; ! L ! l;pk k ) Zpk(z) =1

‘=1

Saliiz) =Y s47(9) i1,92 € A



Evolution of the EH matrix (real part) in the FFC

¢ =400

[Di Giulio, Arias, E.T., (2019)]
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Evolution of the EH matrix (imaginary part) in the FFC
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EH matrix in FFC: antidiagonals

[0 Linear growth of the antidiagonals of Re(T") and Im(7T)
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Gaps in the entanglement spectrum in the FFC
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Contour for the EE in the FFC
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Integrals of the contour for EE in the HC
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Conclusions & some open issues

A BCFT approach allows to study Entanglement Hamiltonians
and entanglement spectra

Continuum limit of the EH of an interval in free chains

Entanglement Hamiltonians of an interval & contour for EE

after a global quench:
<© Harmonic chain: quench of the frequency parameter
O Chain of free fermions: a quench of the couplings

O Analytic insights from CFT and quasi-particle picture

Some open problems:

Other models [Roy, Pollmann, Saleur, (2020)]

Other quenches
Higher dimensions

Other spatial configurations - ey
Holography m T hank yOU.’
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