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Polydisperse sedimentation
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vi = (uj,w;), j=0,1,...,N,




Averaged velocity
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vi = (uj,w;), j=0,1,...,N,

Averaged velocity
N
V= Z b
j=0

Relative/slip velocity

Avi=vj—wvy, j=1,...,N
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Local mass balance equations

Global mass conservation:
Op+ V- (pv) =0.
The N solid species and the fluid satisfy,

Oi(pij) +V-(piw;) = 0

Then,
a[¢j+V'(¢jVj):0, j:oyla"'yN?

Universidad de Sevilla, http://personal.us.es/edofer

Orleans, 2018 12/43



Local mass balance equations

Global mass conservation:
Op+V-(pv)=0.

The N solid species and the fluid satisfy,
O(pi)+V-(piojws) = 0

Then,
a[¢j+V'(¢jvj):0, j:oyla"'7N7

Sum of all equations:
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MLB model

O+ V- (¢) =0, i=0,1,....M,
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MLB model

N

Ougi+ V- | GAV+ ¥ — ¢ > v | =0, j=0,1,...,N,
k=1




MLB model

N
0 + V- <¢jAVj+¢j‘_’—¢jZ¢kAVk> =0, j=0,1,...,N,

k=1

Sherman-Morrison formula

Avy = (0 — 0@k + 22y (¢) +1290.(9)

%[ b; ¢ ¢

o.(¢) = 0if ¢ < ¢, (effective solid stress).
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MLB model

Masliyah-Lockett-Bassoon

¢ —_d,zﬂ
() ! 184y

s viscosity of pure fluid

V(®) = (1 — ¢)"2, (n > 2) hindered settling factor
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MLB Model

Masliyah-Lockett-Bassoon

If we consider the case ¢ < ¢, then g, = 0. Then it can be written as follows:

N
Av; = u&V(9) B — > Pedu)k
k=1
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MLB Model

Finally, as
N
By = GAV + Gy — ¢ > dilwg
k=1
we can write -
o =fi(P)k + ¢¥

where

5(¢) = nv(9) ( Zp,<z>, - a (pl—Zpkqsk)).
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Orleans, 2018 16/43



MLB model for a one-dimensional closed vessel

od; + 0:(fi(¢)) =0, j=1,...,N

1i(@) = ¢inV(9) (@'(Pf ') = ubi(pr — ﬁT‘I’)>7 j=1,...,N.

k=1

Universidad de Sevilla, http:/personal.us.es/edofer Orleans, 2018 17743



Global mass conservation of MLLB model

Continuity equation for each specie ( v=(u,w) > :

at¢]+ax(¢]ﬁ)+al(¢1w+ﬁ(¢)) :07 ,]: 15"'7N

with
divv = 0
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Global mass conservation of MLLB model

Continuity equation for each specie ( v = (u,w) ) :

at¢]+ax(¢]ﬁ)+al(¢1w+ﬁ(¢)) :Ov ,]: 15"'7N

with
divv = 0

Mass conservation

We cannot conclude from this definition of MLB model the global mass conservation
Op+ V- (pr) =0.

Because of the definition of the averaged velocity

DI
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Modified MLLB model

Mass average velocity

We consider the mass average velocity of the mixture

N N N
_ 1 1
Vi= = g = - [(P— > p,-¢>,«>vo+ > pk¢kv/<}
p j=0 p j=1 k=1

which satisfies the global mass balance of the mixture

Ap+ V- (pv)=0. (1)

Universidad de Sevilla, http://personal.us.es/edofer
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Modified MLLB model

Defining the slip velocities

AVj =V — Vo

and

we derive the identity

’

¢]Vj:¢](AV]+Ef()\1AV1++/\NAVN)), ]:1,,N (2)
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Modified MLB

By following the steps that in the deduction of MLB model we get

¢ =f"(P)k + ¢p forj=1,...,N,

where

k=1

N
FU@) =" = duV(9) (@'(ﬁj —P'®) = > Mbil(pr — ﬁT‘P))» j=1,...,N. (3

Finally, the continuity equation can be written as
O+ V- (v + (@) =0, j=1,...,N.

what implies the global mass conservation.
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Influence on the vertical velocity of the fluid

Note that the vertical velocities of particles satisfy

pidiwi = pigyw + pif; (®),

moreover we have the identity

N N
1
Z)\jo =(1-=d)w+ — ij];M
=1 =
that can be rearranged as
N
1
AoWo = Agw — — ijij.
e
That is,
N
podowo = podo¥ — »_ pifi ().
j=1
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Final form of the model equations

o With ¢v; = ¢ + fM(D)K,

9(piy) +V - (pigw;) =0, j=1N,

apiti) + V - (v ®v) = V- T; — dypgk,  j=0,...,N.
@ Summing up from O to N the momentum balance equations,

N N
O (Z p,-qu) +V- <Z ﬂj¢j"j> =0.
=0

J=0

N N
O <Z p,-¢jv,~> +V- <Z pidY; ® Vj) = VT - pgk,

Jj=0 Jj=0
with 7 =32 (7).
@ Then,
(*) = Op+V-(pp)=0
(+%) = O(p¥) + V- (0 @¥) = V-3 — pgk,

with 3 :=T — 3% ) p(v; — ¥) ® (v — 7).
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A multilayer approach

= ZM+1/2
Ui (2, 1) har(z, 1)
v ZM-1)2
Uy (2, t)
hayi—1(z,t)

Z5/2

Z3/2

Figure: Model problem.
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A multilayer approach

ZM+1/2
By (2.1) iy, t) hae(, 1)
/7121»171/2
Prr—1(@,t) Upr—1(z,t)
har—1(,t)

Z5/2

Z3/2

Figure: Model problem.
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A multilayer approach

Definition (Weak solution)

Assume V1, ..., Vy, p, and ¢1, . . ., gy are smooth in each (7). Then
y:=1,...,Vn,¢1,...,0n,p) is a weak solution if:

(i) ¥ is a standard weak soln in each Q4 (7),
(ii) normal flux jump conditions across each I, 1 »(r) are satisfied:
[(i53 Pi8F)], 0y o Fitiatry2 =0 forallj=1,...,N,

N N
|:|:<Z PIPIVE; Z PPV Q V) — T>:|:| My o412 = 0.
=0 =0

t,a+1/2

@ E. Audusse, M. Bristeau, B. Perthame, J. Sainte-Marie. A multilayer Saint-Venant system
with mass exchanges for shallow water flows. derivation and numerical validation. ESAIM:
Mathematical Modelling and Numerical Analysis, 45 (2011) 169-200.

B E.D. Fernidndez-Nieto, E.H. Koné, T. Chacén-Rebollo, A multilayer method for the

hydrostatic Navier-Stokes equations: a particular weak solution, J. Sci. Comput. 60 (2014), pp.
408-437.
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Multilayer approach

o Assume that i, = lohfora=1,M,1l, >0, + - -+ 1y = 1.
@ Define fora =1,M
T = piPiah, j=O0,N; ga:= pahita, ma:= pah.
Governing model, final form (a« = 1,M,j = 1,N):
8,ma +6xqa = (Ga+1/2_Ga71/2)/10¢, = 8)"71"'_6)((2 laqa) =0.

a=1

rj,aqo 1~ ~ -
81"1@""8)((12(]) *(¢j,a+1/2Ga+|/2—¢j,a—1/2Ga—1/2)—Z&Aaﬁ,a+|/2,

@

M
6t‘]a+8x( +h( lama+g Z lﬂmﬁ)) =g ) lgmgdih—gmadizy
B=a+l B=a+l

— gmaLlo—10ch+(liat1/2Gat1/2 = Ha—1/2Ga—1/2) /la-

Compact form

O+ O F () = S(W, 8 (%)) + G (W, 8 (W), @

o M
W= (M, {qa o111y s INLs - Plas ooy INyas TLM s -+ > TN M-
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Transference terms

° Gj,a+l/2 = sz,a+1/zGa+1/2 - pj}?},aﬂ—]/b

7 L(pidiot1 | pidi, 7 [y -
G =3 (22250 1 222) o =3 (e )

o We get the equality

Goyi2 = (1 = La)Gy 2 + LaGuy1 2

ziaia 1 0
4 Paberl < lei(xfm_za rj,ﬁuﬁ)ppp>

po(Pa-+1 + pa) = )

—La Z Ly (xCIW Za "J,W““/)pjpp()) +P02J§a+1/2>

y=a+1 j=1 j=0

o Notation: Rg := g — Y\, rjsutg ppo R:= Y}, l3Rs. We obtain:

N
pO(ﬁaH +ﬁa) pO(pa +ﬁa—1) 5 7 7
— G, — ———"2Ga-12 =1a0:(Ra —R) + po at1/2 = fia—1/2
sy Garip— o /2 = la0:(Ra ]:ZO it/ )
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Vertical velocity

Vertical velocity of the mixture
o Leta € {l1,...,M}. Integrating mass balance eqns over (zo 1,2, 2).

o Using the horizontal velocities, the averaged vertical velocities are computed sucessively
1

W?_/z = Oz + U1 - Vezs — Gi2/p1-
@ Then,fora=1,...,Mandz € (Za—1/272a+]/2), we set

wa(t,x,z) = w271/2 - 7(8tpa + Vi - (patia)) (2 = 2a-1/2)

- ha _,

Wat1/2 szl/z - ? (6tpa + Vi (Pa”a))v
1

Wzﬂ/z = a ((Pa+1 = Pa)OiZat1)2

+ (pa+lﬁa+l - paﬁa) . sza+1/2 + pozw;+1/2)~

Universidad de Sevilla, http://personal.us.es/edofer
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Vertical velocity

Vertical velocity of the mixture

illa, http:/persor

ZIM+1/2
(@, t)
———— 2M-1/2
har—1(x,t)
(—

Za+1/2

,
r_/za—uz

ha(z,t)
/ :

hn(z,t) 2
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Compact form and eigenvalues

Governing model, compact form :

5‘;W+.A( )8 W =G,
w={ma}M_  Aqa_ it N P My - TN M),
W= (v, H),
A(F) = 03P (W) + B(W). AW) = ( AW) | $&) )

@ Non conservative products A(W )Wx Solutions may develop discontinuities and the concept of weak
solution in the sense of distributions cannot be used.

[A G. Dal Maso, P.G. Le Floch, F. Murat, Definition and weak stability of nonconservative products, J. Maths. Pures Appl. 74 (1995), 483-548.

Eigenvalues of A

If X\ fork = 1,...,2M + NM denote the eigenvalues of A and these are real, then
u—V < \<u+V forallk=1,...,2M + NM, where

1 2M—1 1 X 2
=S up, vy | (Z(u,—u) T (0+M;(25—1)/36>) .

B=1 i=1

Universidad de Sevilla, http://personal.us.es/edofer Orlez 8 29/43



Numerical scheme

If we denote the vector of unknowns as
w= (rh,qh...,qM,rl,l,...,rN,l,...,rl,a,...7rN,a,..‘7r17M,...,rN,M)T,
the system can be written as
Ow + :F(w) = S(w,0w) + G(w, Ow),
F(w), S(w,0w) and G(w, O.w) are vectors of dimension M(N + 1) + 1:

ZA/;I:I lgF"? 0 0
= s g1
- r,1
F(w) = Fr . Swom) = |, gwomw=|9
f;’M 0 gr,M
Where:
@ The first component of F(w) is defined via F"* = g fora =1,...,M;
e moreover, F¢ = (Fu ..., F™)T where Fi« = ¢ /mq fora=1,.... M
@ and ,a
Fro= do . a=1,...,M
Meq
I'N,a

Universidad de Sevilla, http:/personal.us.es/edofer Orleans, 2018 30/43



Numerical scheme

If we denote the vector of unknowns as
_ T
W= (M, q1y -y QM Ly oo s TNy e ey Pl e ooy INyay e oo s TLMy + o« s INM) s
the system can be written as
ow + 0F(w) =S(w,0w) + G(w,Ow),
F(w), S(w,0w) and G(w, O.w) are vectors of dimension M(N + 1) + 1:

Zgzl lgF"e 0 0
= s g1
_ TV,] _ 0 _ gr,l
F(w) = , S(w,0w) = , G(w,0w) =
.F;’M 0 gr,M

Where:

o The components of s = (s1, ..., su)" defining the vector S are given by

M M
lo _ _ _
So 1= gmaOX(Zb‘i'h) +gh2<(2 + § 1B>8xpa +(9X< § lﬁ(pB _Pa))>

B=a+1 B=a+1
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Numerical scheme

If we denote the vector of unknowns as
W= (T, 1, ooy QM Ly ooy PNy e e s Plocs e ooy PNocus o e s FLM o s FNM)
the system can be written as
Ow + :F(w) = S(w,0w) + G(w, Ow),
F(w), S(w,0w) and G(w, O,w) are vectors of dimension M(N + 1) + 1:

Sh_ g F"e 0 0

Fa s g1

" r,1

Fw) = F . Swom) =[O, gw,om=|9
f;’M 0 gr,M

Where:
o The sub-vectors of G are defined by G = (G*', ..., G™))T with

G = (ta41/2Gat1/2 — ha—1/2Ga—1/2)/la

and . pl(]?l,aJrl/Z 7]?1,04—1/2)
gt = Ga+1/2<i)a+|/2 = Go12Pa—1/2 — :

e

pN(fN,a-H/Z —fN,a—l/z)
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Compact form “by layer”

Since we will use the flux function of the unknowns m,, to compute the flux function for the
unknown 7, we also consider the part of the source term related to the unknowns m.,, which is
defined by

gma = (Ga+l/2_Ga71/2)/10¢7 o = 17"'7M~

We denote

— Ma e ]:mQ L 0 . gma _
Wa—(qa>, Fo = (]:qa)7 So = (Sa>7 G, = <gqa)7 a=1,...,M.

Note that using this notation, from the definition of the global system we obtain

atwa+8x-¢a(wa):$a+ga, oz:1,...,M.

evilla, http://personal.us.es/edofer Orleans, 2018 31/43



HLL-PVM-1U method

The HLL-PVM-1U method is defined by the following two coefficients,

a0,ir1/2 = (Srig1/21SLi1/2] = SLig1/2ISRi41/21) / (SRoit172 = SLoit1/2)s

0/1’,,'+1/2 = (|S§,i+1/2| - |Sﬁ,i+1/2‘)/(sﬁ,i+1/2 - Sﬁ,i+l/2)‘

Here the characteristic velocities Sy ;. /, and Sg ;, |, are global approximations (they are the
same for each layer) of the minimum and maximum wave speed. Taking into account previous
Theorem we set the following definition of S ;. ,, and Sg ;. 1>,

Stit1/2 = Hiyi o — Vi1, SR,it1/2 = Bt 2 + Vi, (5)

where

_ 1
M:‘lﬂ/z = M Z’/é,iﬂ/z»
B=1

M — 1 u gh! 2
e = o (2 (o + L ot }j 26-1)5,
+1/2 2M(2M— 1) ( ( +1/2 +1/2) ( Pﬁ,+1/z

B=1
where M is the number of layers.
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HLL-PVM-1U method

The HLL-PVM-1U method proposed can be written as
At ~, ~
wnafil =wh,— Ax (]:a,i+1/2 - f:;,ifl/z) + Ats”a,i + Atg:;,h

where here the numerical flux is given by F7, ;,, , = (f:'ff‘l’}lz, f;’jl"}z)T,

F-n 1 n n 1 n n n n n
Fojit1)2 = 5 (-’Fa (Wa,i+l) +Fa (wa,i)) ) (ao,i+]/2(wa,i+1 —Wa,i +Caqiti/2 +Sa,i+1/2)

+ a1 (fa(WZ,i+l) —Fa (w:lx,i) + Sg,i+l/2))7
where
Posit1 + Pai

Poyitl T Payie . 0
Cg,i+1/z = 2 (ZIH Z') P Sna,i+1/2 =8 <sn ) P
0 o,it1/2

M
n 1 n n n n n n la —n —n
Sait1/2 = 5 ((m,-+1 +m) (i — i) + (B + B (2 + Z lﬁ) (Pev,it1 — Pov,i)
B=a+1

M
+ (hiyr + 1) Z 15 ((PB,iv1 — Pevie)his — (DB — ﬁ&,z‘)h?)>7

B=a+l
g
and G, ; = (Q’_qa,n .
1
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HLL-PVM-1U method

Since the solid concentrations are passive scalars in the system, i.e. F'7* = (rj,o /ma)F", we
use the following upwinding formula to compute the numerical flux relative to 7/,

n n My 5N if TMasn
‘/;_'.rj,a,n _ (rj,a,i/ma,i)fi+1/2 1f]:i+1/2 > 07 ]_ 1 N
i+1/2 = u - ! =1,...,N.
(rj(‘,a’i+]/ma7i+l).7-'ifl/2 otherwise,

34/43



HLL-PVM-1U method

Finally, the numerical scheme to approximate the unknowns of the problem is defined as
follows:

g n
m; m; — Zlﬂ}_:nfl/zv

At ] At , o
q':r,l qr;,i - E( ,ﬁl";z ]_“]a{;z) 5 (s:;,iﬂ/z +S;,i71/2) + ArGle",

n+l _ . n At 1j, sl 1, a1 ool
Tjai = Tja,i = E(}—iﬂ/z Fi 1/2) + AtG T,

with

g1 b .
gijY = f(¢] a+1/2, tGa+l/21 ¢_] a—1/2, lG 71/21) l./ (f},la+1/2,i+l/2 _f/"r,lafl/Z,i+l/2)'

Universidad de Sevilla, http://personal.us.es/edofer
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Test 1: 1D vertical sedimentation

Numerical tests:

e g=938 m/s2 (acceleration of gravity), ¢max = 0.68, nrz = 4.7, o = 0.02416 Pas,
po = 1208kg/m>, p; = --- = py = 2790kg/m’.

@ CFL cond to determine At in each iteration:

At
Ax 2 max{|Sgi+1/2], [St,i+1/2|} = CFL,

where Sg ;i11/2 and St ;4 are the bounds of eigenvalues, CFL = 0.5.
Test 1: 1D vertical sedimentation, N = 3

0d =496x10"*m,db =325 x 107*m,d5 = 10*m, h = 0.3 m, M = 50,
$1(t=0) = 0.1, ¢o(t = 0) = 0.05, ¢3(t = 0) = 0.09
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Test 2: channel with inclined bottom

Test 2

o channel of length L = 1 m, N = 2, py = 1208 kg/m3, di =4.96 x 107 m,
dy =1.25x 10" m,

z8(x) = =0.1x4+0.1m x € [0,L].
@ Initial condition
¢1,0t(07-x) = 07 ¢2,C¥(07'x) = 07 uOé(O:-x) = 07

and for the height h(t = 0) = 0.3 — zg.

@ boundary condition: linear horizontal velocity, average 0.15m/s,
u(z) =0 = 0.133z + 0.128 m/s,

M M
> bral=o =005, ¢3.aj—p = 0.025.
a=1 a=1

right bound: homogeneous Neumann condition, M = 10 layers
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(a) Concentration by layers ¢; o, t =0s, t = 15s
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(c) Concentration by layers ¢ o, t = 50s, t = 100s
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(a) Sum of solid concentrations t = 0s
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Figure: Test2: Concentration by color by ¢ = ¢1 +¢2, n(x) =z (x)+h(x) m. .
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(a) Velocity field @, t = 5s |
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Test 3: bump and recirculation

Test 3

@ Same mixture as before. The bottom elevation is given by
(x) = 0.2exp(—40(x — 0.5)%), x€[0,L],
and the initial condition for this test is given by
M M
> 61a(0,x) = 0.05, > ¢2.a(0,x) = 0.025,
a=1 a—1
ua(0,x) =0 forall a=1,...,M, forall x € [0,L],

zero-flux boundary conditions, M = 10 layers, 150 horizontal cells
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(a) Concentration by layers ¢ o, t = 0s (b) Concentration by layers ¢9.o,t = 0s
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Figure: Test3: Concentration of ¢ and ¢, by color in a domain with a bump, 1(x) = zg(x) + /(x) m.



(a) Sum of the solid concentrations, ¢t = 0s (b) Sum of the solid concentrations, t = 20s
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Figure: Test3: Concentration by color by ¢t = ¢1 + ¢, n(x) = zg(x) + A(x) m.



(a) Velocity field 4, t = 0s 6 (b) Velocity field 4, t = 55 1
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Figure: Test3: Velocity field if over concentration ¢, n(x) = zg(x) + h(x) m.



Concluding remarks

Concluding remarks

@ ML SW model can be used for simulations in industrial applications, but is especially
suitable for natural geophysical processes such as sediment transport and polydisperse
sedimentation in rivers and estuaries.

@ Model provides the velocity field of the mixture, the concentrations of the each solid
species, and the evolution of the free surface.

@ Currently implementing an extension of the scheme to two horizontal space dimensions,
including viscous and compression terms.

o Simulating further scenarios such as gravity currents of interest.
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Concluding remarks

@ ML SW model can be used for simulations in industrial applications, but is especially
suitable for natural geophysical processes such as sediment transport and polydisperse
sedimentation in rivers and estuaries.

@ Model provides the velocity field of the mixture, the concentrations of the each solid
species, and the evolution of the free surface.

@ Currently implementing an extension of the scheme to two horizontal space dimensions,
including viscous and compression terms.

o Simulating further scenarios such as gravity currents of interest.

Thanks for your attention.
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